THE RELATIVE ENERGY FOR ELECTROMAGNETIC FLUIDS
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ABSTRACT. This note introduces the relative energy for two-species electromagnetic fluid models.
The relative energy identity for a bipolar Euler-Maxwell system is formally derived. Moreover, two
applications of the relative energy for these type of systems are given. The first application deals
with the weak-strong uniqueness property of a Euler-Poisson system, while the second concerns the

relaxation limit of a bipolar Euler-Poisson system towards a bipolar drift-diffusion system.

1. INTRODUCTION

In this note, one introduces the relative energy for a bipolar Euler-Maxwell system. The system
under consideration is composed of two sets of Euler equations that describe the evolution of a two-

species fluid composed of charged particles, e.g. ions and electrons,
Op+V-(pu)=0

O(pu) + V- (pu®@u) + Vpi(p) = p(E+u x B)
on+ V- (nv) =0

O (nv) + V- (nv ® v) + Vpa(n) = —n(E + v x B)
coupled with Maxwell’s equations to account for the electromagnetic effects
0B+V xE=0

OE -V XB+pu—nv=0

(1.2)
V- E=p—n

\V-B:O.

These systems are a basic physical model underlying several scientific branches that model electromag-
netic effects such as plasma physics or semiconductor theory [4]. The densities and linear velocities
of the fluids are denoted by p,n and wu, v, respectively, while F, B stand for the electric and mag-
netic fields, respectively. Moreover, the functions pi,ps represent the pressures and are given by
pi(r)=r",r>0, v >1 i=1,2.

The purpose of this work is twofold. Firstly, one presents the relative energy identity for the
bipolar Euler-Maxwell system —; this being the content of Section [2| Particularly, in Section
one considers the bipolar Euler-Poisson system. Secondly, one gives two applications of the relative
energy method in scenarios where the magnetic effects are neglected. The first application, presented
in Section @, concerns the weak-strong uniqueness property of a single-species Euler-Poisson system

[1]. The second application, in Section [5| exposes the main result obtained in [2], which establishes
1
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the relaxation limit of a bipolar Euler-Poisson system with friction towards a bipolar drift-diffusion
system.

The relative energy method is an efficient mathematical tool for stability analysis in the context of
conservation laws; see [5] for early developments. It also proved to be useful in establishing limiting
processes; see [9]. In what concerns mathematical literature on two-species Euler-Maxwell systems,
refer to [3] for a formal derivation of two hierarchies of models from the bipolar Euler-Maxwell system
with friction, and to [6] for a theory of existence of global smooth solutions to the bipolar Euler-

Maxwell system.

2. BIPOLAR EULER-MAXWELL SYSTEM

Consider the following bipolar Euler-Maxwell system with dimensional constituents:

on; + V- (nju;)) =0

Or(miniu;) + V- (mingu; @ u;) + Vpi(ni) = ¢ini(E + u; x B)

One + V- (neue) =0

O¢(meneue) +V - (Menete @ ue) + Vpe(ne) = gene(E + ue x B) 2.1)
0B+ VxE=0

€0 E — pug 'V x B+ qiniu; + genete = 0

eV - B = qin; + gene

V-B=0

For a species j = i,e (ions and electrons), the density is denoted by n; (m™3), the linear velocity is
represented by u; (m-s™1), p; (kg-m™!-s72) is the pressure, m; (kg) is the mass and ¢; (s - A) is
the charge. The electromagnetic field created by the charged particles is denoted by (E, B), where
E (kg-m-s73. A1) stands for the electric field and B (kg -s~2- A™!) for the magnetic field. The
permittivity and permeability of free space are denoted by ¢ (kg™ t-m3-s*-A?) and pg (kg-m-s=2-A~2),
respectively. The identity eopo = 1/c? holds, where c is the speed of light.

2.1. Nondimensionalization. Let e be the elementary charge and assume that ¢, = —¢. = e.

Following the ideas in [3], [7] one considers the scaling:
x=Lx', t=mt

/

n;g = Nonj s

, ’ . .
uj = voUy; , Vo = L/T() , Pj = KBTONOPJ‘ y J=1¢€

kBThH

B=DByB', By=

— E = vyByFE’
SLUO’ VoDo 3

where kp is the Boltzmann constant and Ty is the temperature of the system. After dropping the

primes and setting p = n;, n = Ne, U = U, V = Ve, P1 = Di, P2 = Pe, the non-dimensional version of
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(2.1) becomes:
(6tp+ V- (pu)=0

¢(3(pu) + V- (pu®u)) + Vpi(p) = p(E +u x B)
on+V-(nw)=0

€(0¢(nv) + V- (nv ® v)) + Vpa(n) = —n(E + v x B)

(2.2)
OB+ V xE=0
NOE — BV x B+ pu—nv=0
MV.-E=p—n
\V -B=0
2 2 2,272 2
_ MYy _ MYy ~ poNoe“vg L _ JeokBTo . . Y
where ( = o €= el W, =\ 22N, At this point one sets a = 2 and
T; Novd  NorpT
assumes that ( = 1 < vg = BB20 Then 6= le 0% _ 0:B 0 is the beta of the plasma, i.e.
m; Bg /o B/ 1o

the ratio of the plasma pressure Nokplp to the magnetic pressure Bg /1o, the scaled Debye length

Q@ m
squared is given by \? = B, and € = — is the quotient of the electron mass over the ion mass.
m;

2.2. Conserved quantities. Here one presents the energy identity for system ([2.2)), which is formally
derived by direct computation. First, one introduces the internal energy functions hi, hg which are

connected with the pressures p1, ps through the following relations:
rhl(r)y =pi(r), rhi(r)=pi(r)+hi(r), i=1,2, (2.3)

and are therefore given by
1
r
vi—1
In what follows (p, pu,n,nv, E, B) is assumed to satisfy (2.2]). Multiplying the first and second mo-

hi(r) = YTioor>0, v>1, i=1,2.

mentum equations of by u and v, respectively, after using the remaining equations one obtains
the energy identity of system ([2.2)):
OH+V -F=0, (2.4)
where
H = Caplul® + egnlvf* + hi(p) + ha(n) + N5 B[* + 571 5|BI”
is the total energy, and

F = Caplul*u+ eznlvl*v + phi (p)u + nhy(n)v + 87 E x B

is the flux. Identity represents the conservation of total energy of system .
In order to obtain another conserved quantity, one computes the evolution of the Poynting vector
FE x B and obtains
OM+V-N=0, (2.5)
where

M = (pu+env+ N2E x B,
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N =(pu@u+env@v+pi(p)] +pa(n)] + N3 EPPI+ B LBl - NE®RE—-B'BRB.
2.3. Relative energy identity. Assume that (p, pi,n,nv, E, B) also satisfies . The relative
energy U of system is given by
U = ¢lplu—al? + eknjv — o> + hi(p|p) + ha(n|i) + N2L|E - E* + 37'3|B - BJ?,
where the relative quantity h(r|F) is given by h(r|F) = h(r) — h(F) — K/ (r)(r — 7).
Computing the time derivative of 0 yields the relative energy identity of system :
QU +V-O=31+% 433+, (2.6)
where
6= C%p|u — ﬂ|2u + e%n\v — 17|2v + hi(p|p)u + ha(n|n)v
+p(h(p) — Ky (p)(u — @) + n(hy(n) — hy(R)) (v — v)
+ B8 YE—-E)x (B-B)
is the relative flux, and
$1=—(Vi:plu—10) @ (u—a)—eVi:n(v—7)® (v—17),
Sy = —pi(plp)V - @ — pa(n|n)V - v,
S5=~((p—p)a—(n—n)) - (E-E),
Sy=—(uxplu—ua)—vxn(v—2))-(B—-B).
Assuming that the internal energy functions hi, ho are strictly convex, one can consider the relative
energy U as a way to compare two different states of system |i As an illustration, assume that

(p, pu,n,nv, B, B), (p, pti,n,nv, E, B) are two smooth and bounded away from vacuum solutions of

(2.2) defined for times ¢ € [0,T], and that 3 = 72 > 2. Integrating identity (2.6)) over space gives

d
%\1’221+E2+E3+E43

where U = [ dz and ¥; = [ %; dz, i = 1,2,3,4. Then, one gets the bounds ; < CV, i = 1,2,3,4,

in the following way

1 1
1 < C([Vatlloo + |V5]]oc) / Cplu— > + egnlo — o’ de < OV,
Sy < (V- oo + \|v-@|roo>/h1<p|ﬁ> 4 ho(nln) de < CV

1 1 _
24 < Ol + [ollc) [ 5a(plp) + ghanln) + |E ~ B do < 0

_ _ 1 _ 1 B
24 < (lallow + lollc) [ 5ol = aP + 5nlo— o ds

+(Hﬁ|!oo+H@Hoo)(HpHooJan\oo)/\B—B\Z da

<CV.

Thus,
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from which Gronwall’s inequality yields the stability result W(¢) < C(T")¥(0). Therefore, if the two

different states coincide at the initial time, then they coincide at all times where they are defined.

3. BipOLAR EULER-POISSON SYSTEM

One would like to replicate the relative energy procedure detailed above for classes of solutions
with less regularity. Some results on that direction have been obtained for particular cases where the

magnetic effects are neglected. Taking B = 0 in — gives
(O + V- (pu) =0
(pu) + V- (pu@u) + Vpi(p) = pE
on+V-(nv)=0

(3.1)
Oi(nv) + V- (nv ® v) + Vpa(n) = —nkE
VxE=0
V-E=p—n.

From the equation V x E = 0 one writes £ = —V ¢, where ¢ is the electric potential. Substituting
this into system (3.1]) one obtains the bipolar Euler-Poisson system, where the potential ¢ satisfies the

Poisson equation —A¢ = p — n. The solution of the Poisson equation is expressed as

o(t,x) = (K * (p—n))(t,z) = /QK(JJ, y) (ot y) —n(t,y))dy ,

and its spatial gradient is understood as
Vo(t,x) = (VoK * (p—n))(t,x) == /QVIK(wjy)(p(t, y) —n(t,y))dy ,

where the kernel K is either the Newtonian kernel in case = R, or the Neumann function in case

Q C R? is a smooth bounded domain [§], d > 3. In either case, one has the bounds

C

o —yld=t
3.1. Riesz potentials and integration by parts formulas. The theory of Riesz potentials proved
to be useful to deal with the potential ¢, essentially due to .

The Riesz potential of order 0 < a < d of a function f : R — R is the function I, f given by

Lt = [ A

If f € LP(RY) for some 1 < p < d/a, then

HIafHLdfil;p(Rd) < Cllfllrmay » (3.3)

for some positive constant C' = C(«, d, p) [10].
Now let f = p —n so that ¢ = K * f and assume that f € L' N L?. Combining (3.2)) and (3.3
yields:

(1) if y > 24 then ¢ € Li2, Vo € L2,

(2) ify> % then fV¢ e L.
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With this at hand, using a density argument one derives two integration by parts formulas that will
be crucial when dealing with the weak formulation of the system.

Let g € LYN L and ¢ = K  g. Then, if v > 2% one has that

d+2
[vo-Vedo= [fodo= [godo= [ [ 1@)Kw0)t0) dody (3.4)
Furthermore, if @ is a smooth vector field vanishing at infinity and v > %, then
/ngZ)-udx:/Vu:VqZ)@ng dm—/(v-u)%|v¢\2 de . (3.5)

4. WEAK-STRONG UNIQUENESS FOR THE EULER-POISSON SYSTEM

This section presents the weak-strong uniqueness principle for the following Euler-Poisson system
in |0, T[xR?, with T < oo and d €N, d > 3:
Op+V-(pu)=0
Oc(pu) + V- (pu@u)+Vp' +pVep =0 (4.1)
—Ap=p.
In this case, the relative energy W is given by
V= [ dolu— i +h(olp) + 419 (6 - ) do
and it is the tool used two compare two solutions. A stability identity satisfied by ¥ yields the following

result:

Theorem 4.1. Let (p, pu, ¢) be a dissipative weak solution of with v > f—fl, and let (p, pu, @) be

a strong solution of with p > 0. If (po, pouo) = (po, potio) then, for everyt € [0,T7,
(p(t), p(t)u(t), 6(t)) = (p(t), p(t)u(t), é(t)) -

A dissipative weak solution is a vector function (p, pu) with p > 0 which satisfies (4.1)) in a weak
sense, has the properties of mass conservation and finitude of energy, and satisfies a weak form of the
energy identity. By a strong solution (p, pt) one understands a classical solution of (4.1]) with bounded

derivatives.

4.1. Sketch of the proof. Let (p, pu), with ¢ = ﬁ]gp, be a dissipative weak solution of 1’ with
v > %, and let (p, pii), with ¢ = Tld)bﬁv be a strong solution of || Then, for each t € [0, T, the

relative energy W between these two solutions satisfies
U(t) - (0) < Jilt) + Fa(t) + T(t) (4.2)

where

J1(t)=—/0 RdVﬂ:p(u—ﬂ)@(u—ﬂ) dxdr |
Tolt) = - /0 /R (V- Dp(olp) drdr

Ti(t) = /0 /Rd@ P V(o — &) dedr .
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Next, under the same conditions as Theorem one obtains the bounds:
jl-(t)gC/Ot\Il(T)dT, tel0, T, i=1,2,3. (4.3)
The bounds for the first two terms are obtained in a straightforward way, while the last term is handled
using the integration by parts formula . Combining with gives
W(t) < B(0) +c/0t\p(7) dr, te0,T],
hence, by Gronwall’s inequality,
() <eTw(), telo,T],

from which Theorem follows by the strict convexity of h(p) = ﬁ p?Y for p > 0.

5. RELAXATION LIMIT OF THE BIPOLAR EULER-POISSON SYSTEM

In this section one exposes the results obtained in [2]. It concerns the emergence of the bipolar

drift-diffusion system

ap =V - (pV(hi(p) + )
Om =V - (nV (hy(n) — ¢)) (5.1)
—A¢p=p—n

_ 9 _

pV (Wi (p) + ¢) - v =nV(hh(n) — ¢) - v = 5 = 0, onl0,T]x9Q

as the relaxation limit of the bipolar Euler-Poisson system

;

Oip+V - (pu) =0

A(pu) + V- (pu@u) + 1Vpi(p) = —1pVe — 1pu

on+V-(nw)=0 (5.2)
O (nv) + V- (nv @) + 1Vpa(n) = 1nVe — Lno

~Ap=p-n

_ 99 _
=, =
in the space-time domain |0, T x §2, where 7' > 0 is a fixed time horizon and € is a smooth bounded

domain of R? with smooth boundary 992, where d € N\ {1,2}.
In this case, one regards a solution (p, 7, ®) of (5.1 as an approximate solution of (5.2)) via

U-v=0-v 0, on|0,T]x 00N

hp+V-(pu)=0

O (pu) + V - (pu® 1) + 2Vp1(p) = —1pVeé — Lpu + &

o+ V- (A7) =0 (5.3)
O (nv) + V - (M0 ® 0) + 1Vpy(n) = 1aVe — 1nv + &,
—Ad =

m =

—-n

]|
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where
u==V(hp)+¢), v=-V(hyn)-9),
e1 =0(pu)+ V- (puu), e =o(nv)+ V- (iv®7v),
and compares the two solutions using the relative energy ¥ given by
U= /Qa;p!u —al* + egnlo — 0 + ha(plp) + ha(nln) + 5V(6 — §)[* da .
The following result is obtained:

Theorem 5.1. Let (p, pu,n,nv), with ¢ = N % (p —n), be a dissipative weak solution of with
V1,72 > 2 — é, and let (p, pui, n,nv), with ¢ = N * (p—n), be a strong and bounded away from vacuum
solution of (b.1)). There exists C > 0 such that for t € [0, T[ the relative energy U between these two

solutions satisfies the stability estimate
U(t) < e“T(T(0) +£%) . (5.4)
Therefore if ¥(0) — 0 as € — 0, then U(t) — 0 as e — 0 for every t € [0,T7.

By a dissipative weak solution one understands a vector function (p, pu,n,nv), with ¢ = Nx(p—n),
that satisfies in a weak sense, has finite energy and conserved mass, and satisfies a weak form of
the energy identity. Strong solutions (p, pii, 7, i0), ¢ = N * (p—n), of are classical solutions with
bounded derivatives. Similarly as in the proof of Theorem [£.1] the first step towards the conclusion of
Theorem is a relative energy inequality satisfied by a weak solution of and a strong solution
of . Then, one bounds the terms on the right-hand side of the relative energy inequality in terms
of ¥ and concludes using Gronwall’s inequality. The term on the right-hand side of the relative energy
inequality that deserves more attention is the one containing the electric potentials. To handle this

term one uses the estimate (3.3) together with interpolation of LP spaces. For the full details refer to

2].
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