A MODE OF CONVERGENCE ARISING IN DIFFUSIVE RELAXATION

NuNo J. ALVES & JOAO PAULOS

ABSTRACT. In this work, a mode of convergence for measurable functions is introduced. A related
notion of Cauchy sequence is given and it is proved that this notion of convergence is complete in the
sense that Cauchy sequences converge. Moreover, the preservation of convergence under composition
is investigated. The origin of this mode of convergence lies in the path of proving that the density of
a Euler system converges almost everywhere (up to subsequences) towards the density of a non-linear

diffusion system, as a consequence of the convergence in the relaxation limit.

1. INTRODUCTION

In the context of diffusive relaxation, it has been proved that a family ((ps, us)) where (pe, uc) is

e>0’
a dissipative weak solution of the Euler system with friction

Ope +V - (peue) =0,
o0& 1

1
O(peuie) + V- (peuie ® ues) = 7EP€V%(P6) o gpsusa
converges in the sense of relative energy to a strong and bounded away from vacuum solution p of the

non-linear diffusion system
o0&
=V PV (7))
tP p 5p (p)
The systems of equations above are defined in a space-time domain (0,7") x €2, where 7' > 0 is a fixed
time horizon and € is either the d-dimensional torus T¢ or a smooth bounded domain of R?, d € N.

Moreover, the functional £ is defined as

E(p) = /Qh(p) dz,

where h is the internal energy function.
The convergence is established by means of the relative energy U, : [0,7) — R, given by
o€
Ve(t) = [ edpclu —aP 4 hpelp) o, a= V5 (p)
Q op
where
h(plp) = h(p) — h(p) — ' (p)(p — p)-
Specifically, assuming that ¥.(0) — 0 as ¢ — 0, then
supVP, - 0ase—0.
[0,7]

In particular, for each ¢ € [0,T), it holds that

/ h(pe|p) dz — 0 as e — 0. (1.1)
Q

For more details refer to [T} 6] [7, [10] [T1].

At this point, it is relevant to examine if implies that the sequence (p.) converges almost every-
where to p, even if one has to pass to a subsequence. In the quest to reach that conclusion, one stumbles
upon a new notion of convergence. The intent of this work is to explore that mode of convergence at
the generality of measurable functions on a general measure space. The appearance of that notion of
convergence is described next.
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Within the framework of the analysis described above, the function h is assumed to belong to the class

M, given by

_ h(p) k
Y 2 _ "
Hk—{hEC ((0,00)) N C([0, 00)) phm e ot ' (p) >0Vp>0}7
where k£ > 0 and v > 1. A typical example of a function belonging to X} is h(p) = Tiﬂﬂ' Regarding

that class of functions, recall the following lemma [11]:

Lemma 1.1. Let h € H] with k > 0 and v > 1, and let p € [§, M] for some 6 > 0 and M < co. Then,
there exists R > M+1 and positive constants C1,Co depending on k,~y,d, M such that

Cl|p_ﬁ|2’ pre [OvR]a

h(plp) = _ ‘
Colp—pl",  if p€]R, o0

The next step is to combine (1.1)) with the previous lemma. Let e = 1/n, n € N, p, = p. and define
Bn = Bn (t) by
B, ={z€Q|0<py(t,z) <R},

where R is as in the lemma. Thus,

[ monpyaz = [ o)+ / hipulp) e

ZC’1/ |pn—ﬁ|2dx—|—02/ lon — p|” dx
B B

c
n n

e / lpn — pI2dz + Co|R — M|"L(BE)
B

n

> 01/ |pn — pI? du + C2L(BY),
B

where BS denotes the complement of B, in 2 and L is the Lebesgue measure. Hence, from (I.1)) one can
conclude that

/ lpn — p|*dx — 0, L(BS) =0, asn — oo. (1.2)
B

This motivates a notion of convergence in which a sequence of measurable functions (p,) converges
to a measurable function p if there exists a sequence of measurable sets (B,) whose measure of the
complements tends to zero as n — oo and such that the integral of |p,, — p|P over B,, goes to zero as
n — oo, where p > 1; see Definition As one will see, this notion of convergence implies convergence
in measure, which is a sufficient condition for the existence of a subsequence that converges almost
everywhere [2].

Section [2] presents the notions of convergence that are treated in this work, together with the relations
between them. Two notions of convergence are introduced. The first, the one derived in the analysis
above, represents the focus of this work. The second, which is considered here for its similarity to the
first, turned out to be very useful to prove a completeness result.

Section |3| introduces notions of Cauchy sequences associated with the convergences studied in this
work. Moreover, completeness theorems related to those Cauchy notions are obtained.

Section [d]is devoted to understand how different modes of convergence become equivalent under extra
assumptions. As a consequence of this study, it is proved that the space of measurable functions, together
with the notion of convergence motivated by , form a sequential convergence class [8, [9].

Section [5|is inspired by [3] and explores in which conditions a function preserves (under composition)
the modes of convergence treated in this work. For these modes of convergence, one finds that such
preservation holds for Lipschitz continuous functions. Furthermore, it turns out that this characterizes
Lipschitz continuity. Moreover, it is proved that convergence in L, is also preserved by Lipschitz contin-
uous functions, at the generality of measurable functions, which is different from a result obtained in [3],

where the same investigation is done considering sequences in L,,.



NOTATION AND CONVENTIONS

Unless stated otherwise, all considered functions belong to a general measure space (X,X, pu). The
elements of X are called measurable sets, and by a measurable function one understands a X-measurable
real-valued function defined on X. The space of measurable functions is denoted by M(X). Given a
sequence (fy,), one writes (g,,) C (f,) to indicate that (g,,) is a subsequence of (f,,). In the examples, one
considers (X, X, u) = (A, B, L), where A is a subset of R, B is the Borel o-algebra and L is the Lebesgue
measure. The composition of a function ¢ : R — R and a function f : X — R is denoted by ¢(f). The
set of positive integers is denoted by N while the set of non-negative integers is denoted by Ny. Moreover,
the integrability exponent p is a fixed real number belonging to [1,c0).

2. MODES OF CONVERGENCE

Within the realm of measurable functions, many are the ways of saying that a sequence converges to
a certain limit. Among the most important convergence notions, one encounters the classical notions
of convergence in L,, in measure, almost uniformly (a.u.) or almost everywhere (a.e.). In this man-
uscript, two other notions of convergence for measurable functions are introduced. The first, named
ay-convergence, is the main focus of this work, and has its definition motivated by the analysis detailed
above. The second, convergence almost in L, arises as a combination of the L, and almost uniformly
convergences, and it is considered here due to its similarity to the «,-convergence.

It is always the case that the following relations hold
L,-convergence = convergence almost in L, = ay,-convergence = convergence in measure.

Interestingly enough, none of this modes of convergence are equivalent. Moreover, in a finite measure
space one has that

convergence a.e. = convergence a.ll. = convergence almost in L, = a,,-convergence.

2.1. Preliminaries. First, one recalls some basic definitions and results from the classical theory. It
is customary to define convergence in L, for sequences of functions in L,, however here one considers
measurable functions in general.

A sequence of measurable functions (f,,) is said to converge to a measurable function f:

(i) in L, if
/ |fn— fIPdp — 0 as n — oo,
(ii) in measure if .
V6 >0 p({z e X | |fulz) — f(z)|] = 0}) = 0asn — oo,
(iii) almost uniformly if
V§ > 0 3Es € X with u(FEs) < ¢ such that f,, — f uniformly on Ef,

(iv) almost everywhere if

3N € X with u(N) = 0 such that f, — f pointwise on N°.

A common feature of these modes of convergence is the uniqueness almost everywhere of the limit, that
is, if a sequence (f,) converges to f and g in one the previous modes, then f = g almost everywhere.
In general, some notions of convergence imply others. For instance, if (f,) converges to f in L, then

it converges to f in measure since

Pu({e € X | |fulz) — f(2)] > 8}) < /X \Fu — 1P d.

Furthermore, if (f,,) converges almost uniformly to f then (f,) converges to f in measure. On the other
hand, if (f,,) converges to f in measure then there exists a subsequence (f,,) that converges to f almost

uniformly (and hence almost everywhere) [2].
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2.2. ap-Convergence.

Definition 2.1. A sequence (f,) of measurable functions is said to a,-converge to a measurable function

f if there exists a sequence of measurable sets (B,,) with u(Bg) — 0 as n — oo such that
/ |fn— fIPdp — 0 as n — oc.
B,

. . Qy
In this case one writes f, — f.

It is clear that convergence in L, implies a,-convergence (simply take B,, = X for every n € N),

however, the reciprocal is not true in general.

Example 2.2. Let (X,X,u) = ([0,1],8,£) and f, = n'/Px(y1/,). Then (f,) oy-converges to 0 but it
does not converge to 0 in L,. Indeed, setting B,, =]1/n,1] one has that

R
B, [0,1/n]N]1/n,1]

[ Al au=1.
X

As a first result, one shows that the a,,-convergence is linear.

but

Proposition 2.3. If (f,.), (gn) ap-converge to f, g, respectively, and a,b € R then (af,+bgn) ap-converges
to af + bg.

Proof. Let (By,), (D,,) be the sequences of measurable sets associated with the ay-convergence of (f,,), (gn),
respectively. Let C,, = B, N D,, so that u(C¢) < u(BE) + pu(DE) — 0 as n — oo. The result follows from
the inequality

/\afn+bgn—af—bg|”duS2”‘1|a|p/ Ifn—flpdu+2”‘1|b\p/ 90 — gl dp.

Cr Bn Dy

Next, it is shown that the oy,-convergence implies convergence in measure.

Proposition 2.4. Let (f,) be a sequence of measurable functions that a,-converges to a measurable

function f. Then (f,) converges to f in measure.

Proof. Suppose, towards a contradiction, that
36>0 >0 YneN Tk, >n pu(Ep)>e,

where
B}, ={z € X | |fi, (@) - f(x)] = 5},
By hypothesis, there exist a sequence of measurable sets (B,,) and Ny, N3 € N such that

oP
Vk > Ny /|fk—f|pdu<78, Vk >Ny pu(BS) <
By

DO ™

Let N = max{Ny, N2}. There exists ky > N such that N(EgN) > ¢. Then
. €
e < M(El(zN) = M(EgN N BkN) + M(EIgN N BkN) < :U(El(zN N B’CN) + 57

whence
IU‘(EI(EN N BkN) >

N ™

Consequently,

J

a contradiction. O

oPe

e = SPdnz [ o= e B, 0By >
kN EliNmBkN



As a simple corollary of the previous result one has the following:
Corollary 2.5. If fn % f and fn RN g, then f = g almost everywhere.
Even though the «,-convergence implies convergence in measure, the reciprocal is not, in general, true.

Example 2.6. Let (X, X, 1) = ([0,00), B, £) and f,, = = X{0,5,)- One can readily see that (f,) converges
to 0 in measure. However, it does not a,-converge to 0. In order to see that, let (B,,) be a sequence of

measurable sets such that pu(Bg) — 0 as n — oo, and notice that

/ P2 dp = —((0,7] 1 By)

_ %(M([Om}) — u([0,n] N BY))

=1~ u(0,n] N BY)

— 1 asn — oo,

since 1 1
ﬁ,u([O,n] NBS) < EM(B’C‘) — 0 asn — 0.

Remark 2.7. The sequences in Examples [2.2] and [2.6] are some of the canonical examples of sequences
that converge in measure but not in L, to a certain limit. In light of the ay-convergence, one has a way

of distinguishing these two examples as one ay-converges while the other does not.
2.3. Convergence almost in L.

Definition 2.8. A sequence (f,,) of measurable functions is said to converge almost in L, to a measurable
function f if for each 6 > 0 there exists a measurable set Es with u(Es) < § such that

/ |fn— fIPdp — 0 as n — oc.
5

It is clear that convergence in L, implies convergence almost in L, (take E5 = () for any § > 0),
but the reciprocal is not true in general (consider the sequence in Example [2.2). Furthermore, arguing
by contraction as in the proof of Proposition one can prove that convergence almost in L, implies
convergence in measure. For an example in which a sequence converges in measure but not almost in L,
consider Example Convergence almost in L, is also the natural mode of convergence for almost in
L, spaces introduced in [, [5] .

Next, one wishes to explore the relationship between the o,-convergence and the convergence almost

in L,. First, it is proved that almost in L, convergence implies c,-convergence.

Proposition 2.9. Let (f,) be a sequence of measurable functions that converges almost in L, to a

measurable function f. Then (f,) a,-converges to f.

Proof. Since (fy,) converges to f almost in L, for each k£ € N there exist a measurable set Ej with
w(Ey) < 1/k and a number N (k) € N such that for each n > N (k) one has

1
/ |fn—f|pd/¢<%.
EC

k
One can assume, without loss of generality, that N(k + 1) > N(k) Vk € N. For each n € N let B,, = Ef
if n <N(2) and B, = Ef if N(k) <n < N(k+1), ke N\ {1}. It is clear that u(Bg) — 0 as n — co.
Let € > 0 and let k € N\ {1} be such that 1/k < e. For n > N(k) one has that

| ite=svan= [ i svan

" k+3j

where j € {0,1,2,...} is such that N(k+ j) <n < N(k+ j + 1). Consequently, for n > N(k),

1 1
Ay < —— < =
/B,,|fn f| M</€—|— k<€a
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which concludes the proof. O
The reciprocal of the previous proposition is not true in general.

Example 2.10. Let (X,X u) = ([0,1],8,£) and for each n € N let k(n),j(n) € Ny be such that
n = 28 4 j(n), 0 < j(n) < 25 and set F,, = [j(n)/2"™), (j(n) + 1)/25™)]. Let f,, = 2¥M/Pyp |
Then (f,) ap-converges to 0 (take B, = FY), but it does not converge to 0 almost in L,. In order to
verify the latter, let § = 1/10% and let Es be any measurable set with u(Es) < 1/103. For every N € N
one can always find n > IV such that

fPdp = 2" u(F, N ES) =1,
2
therefore convergence almost in L, does not hold.

Even though a,-convergence does not imply convergence almost in L,, the result holds if one passes

to a subsequence.

Proposition 2.11. Let (f,) be a sequence of measurable functions that ay,-converges to a measurable

function f. Then there exists a subsequence (fx,) that converges almost in L, to f.

Proof. Let (B,,) be the sequence of measurable sets associated with the cy,-convergence of (f,,). For each
n € N there exists k, > n such that u(Bj ) < 1/2". Set C,, = M=, Bk and notice that C,, C Cy41
Vn € N. Moreover,

n(Cr

n

) <

< o — 0 asn — oo,

and

/ |fk7l—f|pd/i§/ |fr, — fIP dpp — 0 as n — oo.
c

n By,

Next it is shown that (fy, ) converges to f almost in L,. Let 6 > 0 and since p(C5) — 0 as n — oo there
exists N € N such that p(C§) < 4. Set E5 = C§ and let € > 0. There exists K € N such that

oK [ U, - S dus<e
CTL

Thus, for n > max{N, K}, Cnx C C,, and

/E§|fknf|P du—/CN e — PP duS/ o — fP dp <,

n

therefore (fy, ) converges to f almost in L,,. O

2.4. Case pu(X) < oo.

A classical theorem of Egorov says that in a finite measure space, convergence almost everywhere implies
convergence almost uniformly. Moreover, it is clear that in a finite measure space, convergence almost
uniformly implies convergence almost in L,,. Combining this with Proposition @ yields:

Proposition 2.12. Let (f,), f be measurable functions on a finite measure space. If (f) converges to
f almost everywhere, then (f,) op-converges to f.

3. CAUCHY SEQUENCES AND COMPLETENESS THEOREMS

Definition 3.1. A sequence (f,) of measurable functions is said to be:

(i) ap-Cauchy if there exists a sequence of measurable sets (B,,) with u(Bg) — 0 as n — oo such that

/ |fro = fm|P du — 0 as n,m — oo.
BnNB,

(ii) Cauchy almost in L, if for each § > 0 there exists a measurable set Es with p(E5s) < d such that

/ [fr — fm|P du — 0 as n,m — oo.

5



If a sequence (f,) a,-converges to f then it is ay-Cauchy. This follows from the inequality

/ \fn—fmlpdu§2p‘1/ Ifn—fl”du+2p‘1/ 1 = fl? di
B,NB,, By, g

It is also clear that if (f,) converges to f almost in L,, then (f,) is Cauchy almost in L.

Since Cauchy sequences converge both in the L, and measure senses, one also expects the same to
hold with both ay,-convergence and convergence almost in L,. First, it is proved that given a sequence
(fn) that is Cauchy almost in L, there exists a measurable function f such that (f,) converges to f
almost in L,. Then, with this result at hand, one will be able to prove that completeness in this sense

also holds for the oy,-convergence.

Theorem 3.2. Let (f,) be a sequence of measurable functions. If (f,) is Cauchy almost in L,, then

there exists a measurable function f to which (f,) converges almost in L.

Proof. Assume that (f,,) is Cauchy almost in L,. Then, arguing by contradiction, one can prove that
(fn) is Cauchy in measure. This implies that there is a subsequence (fi,) and a measurable function f
such that (fx,) converges to f almost everywhere. From that one can conclude that (fy,) converges to
f almost in L,,. Indeed, given 6 > 0 and Es with u(E5s) < § such that

/ |fr, = fr, | di— 0 as n,m — oo,
EC

5

by Fatou’s lemma one has:

[ 1= fldn= [t 1, fo
E¢ Eg M0

< lim inf / | foy — from | A
E§

m—r 00
— 0 asn — oo.

The result follows by a standard argument. (Il

Theorem 3.3. If (f,) is a a,-Cauchy sequence, then there exists a measurable function f such that

Qp f.

fn —

Proof. Let (fy) be a a,-Cauchy sequence. One can prove, in a similar fashion as in Proposition m
that there exists a subsequence ( fy, ) which is Cauchy almost in L,,. Then, by the previous theorem there
exists a measurable function f such that (fz,) converges to f almost in L,. Hence, by Proposition
(fx,) ap-converges to f. Now let € > 0. There exist N1, Ny € N such that

€
277

€

Yn,m > Ny / ‘fn_f'rn|pd,u< o’
B,NB,,

Vn > N, / fn — f17 dp <

where (B,,), (D,,) are the sequences of measurable sets associated with the a,-Cauchy property of (f,)
and the ay-convergence of ( fx,, ), respectively. For each n € N, let C,, = B,,ND,,NBy,, . Clearly, u(C%) — 0
as n — oo. Finally, for n > N = max{N7, N2} one has

/C |fn — fIPdp < 2”’1/3 . | fn — fknlpdu+2p’1/ | fe, — fIPdp <e,
n nMNBky,

Dy,
which completes the proof. O
4. CONVERGENCE THEOREMS
Proposition 4.1. Let (f,), f be measurable functions. Then
fo = f,

n ' Lp
Jo= Jm < V(D) (,u(Dn)—>0 = / |fn—f|pd,u—>0) as m — oo.
Dn,
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Proof.
(=) This is clear.
(<) Take D,, = B¢, where (B,,) is the sequence of measurable sets associated with the ay,-convergence

of (fn)- -

Theorem 4.2. Let (f,), f be measurable functions. Then

fn — [ in measure,

fn B f e
EI5>O/ |fn— fIPdpu— 0 as n — oo,
B (9)

where Bp(0) = {x € X | |fu(x) — f(z)| > 0}.

Proof.

(<) Simply consider B,, = E£(0).

(=) Due to Proposition one already knows that a,,-convergence implies convergence in measure. In
order to prove the second condition, suppose, towards a contradiction, that for every § > 0 one has that
fE,ﬁ(é) |fn. — f|Pdp 4 0. Take 6 = 1 and set E,, = E,,(1). Then

>0 VneN Ik, >n / | f,, — fIPdp > e.

Ex.

Moreover, there exists IV € N such that for K > N one has

. € €
w(By) < 1 / [fr = fIPdp < 1

By,
Thus,
S
Bg
-/ i = S0t | fow — 17 di
Bg NBry Bg NBf
< [ V= gl )
kN
<e/2,
a contradiction. O

Lemma 4.3. Suppose that (f,) converges to f in measure. Then the following conditions are equivalent:
(i) 36 >0 fEﬁ;(t?) |fr — fIPdp — 0 as n — oo,
(i) Y6 >0 fE%(é) |frn— fIPdp — 0 as n — oo,

where Bp(0) = {x € X | |fu(z) — f(z)| > 0}.

Proof. Suppose that there exists 4 > 0 such that
/ |frn— fIPdp — 0 as n — oc.
Eg(9)
If 0 < 0 < 4, then E<(5) C ES(8) and hence
/ |fn—f|pd,u§/ [fn— fIPdp— 0 as n— co.
B () Eg(5)

If 0 < & < 6, then

/ Ifn—fl”du=/ mfn—prdw/ e — fIPdi
E¢(0) E¢(0)NERn(9) E¢ (0)NEE(9)

< 0P p(En(5)) +/ NS = fIPdp

5 (

—0asn— oo.
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O

The next concept, inspired by [8,[9], serves as an attempt to organize some of the important properties

that relevant notions of convergence satisfy (for instance, metric convergence notions):

Definition 4.4. A sequential convergence class consists of a pair (M, «), where M is a set and « is a
relation between sequences (f,) C M and elements f € M denoted by f, 2 f, such that:

(i) If f, = f Vn €N, then f,, = f,
(ii) If fo = fand (fr,) C (fa), then fi, = f,
(iii) If f, < f, then there exists (fx,) C (f.) such that for any subsequence (h,) C (fx,), hn 2> f,

(iv) If f,, = fand ¥n €N f, 1 = f,, then
VneN Fk,>n  for, — f
Theorem 4.5. (M(X), ) is a sequential convergence class.

Proof. The first and second conditions are clear, so it suffices to prove the third and fourth.
In order to prove the third condition, assume that (f,,) is a sequence of measurable functions that does

not ay,-converge to f. If (f,,) does not converge in measure to f then
36>0 Fe>0 VneN Tk, >n u(Ey,(8)) >e,

where
By, (0) ={z € X | [ f, () — f(x)| = 5}.
It is clear that for any subsequence (hy) C (fx,), (hn) does not converge to f in measure, and hence

(hy) does not ay-converge to f. On the other hand, if (f,) converges in measure to f, since it does not
ap-converge to f, by Theorem [f.2] and Lemma [£.3]it follows that

>0 F>0 VneN Jk,>n / o, — fIPdp > e.
B, (9)

Consequently, if (hy) C (f%, ), then
35> 0 / h — fIP dp /5 0,
HE (8)

where

Hy(8) = {x € X | [hn(2) = f(2)] = 0},
hence (h,,) does not a,-converge to f. This proves that (M (X),«,) satisfies the third condition of a
sequential convergence class.

Regarding the fourth condition, let (B,,) be the sequence of measurable sets associated with the -
convergence of (f,,) and let, for each n € N, (D, ) be the sequence of measurable sets associated with
the ay-convergence of (fy, x). Then, for each n € N there exists k, > n such that

1
[ s = fadn< o
Dk,
Set C,, = By, N Dy, and let € > 0. There exists N € N such that whenever n > N one has
€

[ V= frdn< .

n

€
|fn,kn - fn|p d,u <55
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Thus, for n > N,

/ o — fPdp < 201 /
C D

n n,kn

|fn,k:” _fnlpdu+2p_1/B |‘](ln—§)“|pd,u,<g7

which concludes the proof.

5. PRESERVATION OF CONVERGENCE UNDER COMPOSITION

Definition 5.1. Let m be a notion of convergence for sequences of measurable functions. A function
¢ : R — R is said to preserve m-convergence if given a measure space (X, X, ) and a sequence (f,) of

X-measurable functions that m-converges to f, then the sequence (¢(f,)) m-converges to o(f).

In [3] it is proved that:
(i) ¢ preserves almost everywhere convergence if and only if ¢ is continuous,
(ii) ¢ preserves uniform convergence, almost uniform convergence or convergence in measure if and only

if o is uniformly continuous.

Here, one obtains a similar result as (ii) but for the L,-convergence, convergence almost in L, and

ay,-convergence. Precisely:

Theorem 5.2. A function ¢ preserves Ly-convergence, convergence almost in L, or ay,-convergence if

and only if ¢ is Lipschitz continuous.
Before proving the theorem, one needs a local characterization of Lipschitz continuity.

Lemma 5.3. A function ¢ : R — R is Lipschitz continuous if and only if
>0 IK>0 Va,beR |a—bl <d=|p(a) — )| < Kla—bl. (5.1)

Proof. Tt is clear that a Lipschitz continuous function satisfies . Assume that ¢ : R — R satisfies
. Let a,b € R and assume without loss of generality that a < b. Let & = /2 and set d = |a — b].
There exists N € Ny such that d = N§ + ¢ for some ¢ € [0, 4] (take N as the integer part of d/3). Now,
let
Tp=a+nd, n=0,1,...,N,
TN+1 —a+NS+e=b.
Then, the triangle inequality together with yields

N—1
[p(a) =) < ) [e(@n) = p(zni1)l + [o(zn) — @ (b)]

n=0
N—-1

< K|z, — 2pi1| + Klzy —b)
n=0
N-1

= Ké+ Ke
n=0

= K(NJ +¢)

= Kla - 1|,

which completes the proof. O

Proof of Theorem[5.23
(<) Suppose that ¢ is Lipschitz continuous and that f,, — f in L,. Then, there exists K > 0 such that

Va,b e R |p(a) — ¢ (b)| < Kla —b],

and
/|fn—f|pdu—>0asn—>oo.
X
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Thus,
o= o< K2 [ 1= P dp— 0as -
that is,
o(fn) = @(f) in Ly.
In a similar fashion, if f, — f almostin L, or f, RN f then o(f,,) — ¢(f) almost in L, or ¢(f,) ae, o(f),

respectively.
(=) Suppose that ¢ does not satisfy (5.1)) and choose sequences (ay,), (b,) C R such that, for each n € N,

1 1/p
0 <lan — byl <W’ lp(an) = @(bn)| > n""Plan — byl

Let (X,X, u) = ([0,00), B, L), define f : X — R by
by, if0<z< m,
f(x) = by, if Ek 1 Tap— bk|P + n|a:_117 B <z < Zk 1 Tan—brl? bk|P7 neN\{l}

0, otherwise.

and, for each n € N\ {1}, let f,, : X — R be given by

—1 n 1
n s Ek 1 Jar— bklp + n\a:fbn\” sz < Zk:l lar—bkl??
f(x), otherwise.
It holds that
1
/ [fn—fIPdu=——0asn— oo,
X n
that is, (f,,) converges to f in L,. Hence f,, — f almost in L, and f, RN f. It remains to be shown that

(¢(fn)) does not «a,-converge to ¢(f) (and hence it does not converge neither almost in L, nor in L,).

To that end, let (B,,) be any sequence of measurable sets such that u(BS) — 0 as n — oo, set

= 1 n—1
In = y
[Z \ak—bk|P n|an—b |p Z |ak—bk|P

and notice that

/ lo(fu) — ()P dyi = / o(am) — (B du

B, B,NI,
> nlan, — by [Pp(By N 1)
= nlan — bal? (L) — 1(BS N 1))
=1—nlay, — bp|Pu(B;, N1,).

Now let N € N be such that p(B¢) < 1/2 whenever n > N. Thus, for n > N,

/B (o(fu) — (DI du > 1 — nlan — by Pu(BE N I,)
>1-u(By)
>1/2,

therefore (¢(f,)) does not a,-converge to ¢(f) and the proof is complete. O
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