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Abstract. This work establishes the relaxation limit from the bipolar Euler-Poisson system to

the bipolar drift-diffusion system, for data so that the latter has a smooth solution. A relative

energy identity is developed for the bipolar fluid models, and it is used to show that a dissipative

weak solution of the bipolar Euler-Poisson system converges in the high-friction regime to a

strong and bounded away from vacuum solution of the bipolar drift-diffusion system.

1. Introduction

This article studies the emergence of the bipolar drift-diffusion system
ρt = ∇ ·

(
ρ∇δE

δρ

)
nt = ∇ ·

(
n∇δE

δn

)
−∆ϕ = ρ− n

(1.1)

ρ∇δE
δρ

· ν = n∇δE
δn

· ν =
∂ϕ

∂ν
= 0, on [0, T [×∂Ω

as the relaxation limit of the bipolar Euler-Poisson system:



ρt +∇ · (ρu) = 0

(ρu)t +∇ · (ρu⊗ u) = −1

ε
ρ∇δE

δρ
− 1

ε
ρu

nt +∇ · (nv) = 0

(nv)t +∇ · (nv ⊗ v) = −1

ε
n∇δE

δn
− 1

ε
nv

−∆ϕ = ρ− n

(1.2)

u · ν = v · ν =
∂ϕ

∂ν
= 0, on [0, T [×∂Ω

in the space-time domain ]0, T [×Ω, where T > 0 is a fixed time horizon and Ω is a smooth bounded

domain of Rd with smooth boundary ∂Ω, where d ∈ N \ {1, 2}. The systems are expressed using

the formalism of Euler flows in [8], based on the functional

E(ρ, n) :=
∫
Ω

h1(ρ) + h2(n) +
1
2 |∇ϕ|

2dx, (1.3)

−∆ϕ = ρ− n. (1.4)
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There is a coupling of the two densities via the Poisson equation (1.4), and δE
δρ ,

δE
δn stand for the

functional derivatives of (1.3) which are given by

δE
δρ

(ρ, n) = h′1(ρ) + ϕ,
δE
δn

(ρ, n) = h′2(n)− ϕ. (1.5)

The models (1.1) and (1.2) (subject to (1.3)-(1.4)) describe two charged fluid systems interacting

through an electrostatic potential, and are basic models for applications in semiconductor devices

or plasma physics, [10, 19],[4, Chapter 3, Subsection 3.3.7]. Our objective is to describe the relation

between the two models, thus extending the framework of convergence developed in [15] for a single

fluid system. The technical tool for the comparison is a relative energy identity for the bipolar

fluid models considered here. The functions h1, h2 represent the internal energies of the fluids,

and the electrostatic potential ϕ is obtained from the fluid densities ρ, n via the elliptic equation

−∆ϕ = ρ− n. The solution of the Poisson equation is expressed as

ϕ(t, x) =
(
N ∗ (ρ− n)

)
(t, x) :=

∫
Ω

N(x, y)
(
ρ(t, y)− n(t, y)

)
dy,

and its spatial gradient is understood as

∇ϕ(t, x) =
(
∇xN ∗ (ρ− n)

)
(t, x) :=

∫
Ω

∇xN(x, y)
(
ρ(t, y)− n(t, y)

)
dy,

where N is the Neumann function [12]. Using the symmetry of N, one derives the formulas (1.5)

for the functional derivatives δE
δρ ,

δE
δn . Introducing (1.5) to (1.2) leads to (2.6), where p1, p2 are

the pressures connected to the internal energies via the usual thermodynamic formulas (2.1). The

formal relaxation limit of (1.2) is the system (1.1); establishing this limit is the objective of the

present work.

Relaxation problems arise in physics and chemistry, and from a mathematical viewpoint they

have been analysed in several contexts. Compensated compactness methods have been used to

perform the relaxation limit of single-species hydrodynamic models towards a drift-diffusion equa-

tion in one and three spatial dimensions [18, 14]. We refer to [20] for an interesting analysis leading

to existence of weak solutions for the bipolar Euler-Poisson system in one spatial dimension.

The relative energy method is used here to perform this limiting process for strong solutions of

(1.1) in several space dimensions. This approach was successful for the relaxation limit in single-

species fluid models [15, 3], as well as for certain (weakly coupled through friction) multicomponent

systems [9]. The relative energy method provides an efficient mathematical mechanism for stability

analysis and establishing limiting processes; see [5] for early developments, [2, 15, 16] and references

therein for applications to diffusive relaxation. Here, the bipolar fluid models are considered in

a bounded domain, which is closer to the actual physical situation and requires handling the

boundary conditions. No-flux boundary conditions are applied to the velocities for (1.2), to the

fluxes for (1.1), and to the electric field for both systems.

In order to compare a solution of (1.2) with a solution of (1.1), one calculates the evolution

of a relative energy functional; the formal calculation is presented in subsection 2.3. The main

convergence result is stated in section 3, and the convergence analysis is carried out in section



HIGH-FRICTION LIMIT TO BIPOLAR DRIFT-DIFFUSION 3

4. This comparison is effected between a dissipative weak solution of (1.2) and a classical and

bounded away from vacuum solution of (1.1); the precise hypotheses are stated in section 3. The

solution of (1.1) is regarded as an approximate solution of (1.2) and the relative energy identity in

the relevant regularity class is done in Proposition 4.4. The technical part amounts to bound the

error terms in the relative energy identity. The term requiring attention is the one associated with

the electric field. Due to the antisymmetry of the electric charges and the fact that the velocities of

the fluids are distinct, one cannot reproduce the argument of [15] to simplify this electric field term.

The desired bound is reached using results on Riesz potentials [22] and Neumann functions [12]. A

Gronwall inequality then yields the relaxation convergence as a stability result. The latter is the

main result of this work, Theorem 3.3, and shows that if a strong solution of (1.1) is bounded away

from vacuum and the initial data converge at the initial time then this convergence is preserved

for all times t ∈ [0, T [.

2. Bipolar fluid models

The systems of equations considered in this article describe the dynamics of fluids formed by

charged particles. Such models are common in semiconductor devices (electrons and holes), or

in modeling of plasmas, and play a significant role in various technological contexts related to

semiconductors or plasma physics. Both systems can be derived from the semi-classical bipolar

Boltzmann model [10].

We introduce the monotone increasing pressure functions p1, p2 ∈ C2(]0,+∞[) ∩ C([0,+∞[)

which satisfy p′i(r) > 0 for r > 0 and i = 1, 2, and are connected to the internal energy functions

h1, h2 ∈ C3(]0,+∞[) ∩ C([0,+∞[) through the thermodynamic consistency relations

rh′′i (r) = p′i(r), rh′i(r) = pi(r) + hi(r), (2.1)

for r > 0 and i = 1, 2.Observe that h′′i (r) > 0 for r > 0 and i = 1, 2 corresponds to the monotonicity

of the pressures.

2.1. Bipolar drift-diffusion. For the energy (1.3)-(1.4), system (1.1) is composed by two drift-

diffusion equations for the densities, coupled with a Poisson equation for the electrostatic potential:
ρt = ∇ ·

(
∇p1(ρ) + ρ∇ϕ

)
nt = ∇ ·

(
∇p2(n)− n∇ϕ

)
−∆ϕ = ρ− n.

(2.2)

No-flux boundary conditions are considered for the fluxes and for the gradient of the electrostatic

potential, that is,

(∇p1(ρ) + ρ∇ϕ) · ν = (∇p2(n)− n∇ϕ) · ν =
∂ϕ

∂ν
= 0 on [0, T [×∂Ω,

∫
∂Ω

ϕ dx = 0. (2.3)

The condition
∫
∂Ω
ϕ dx = 0 is a normalization condition serving to fix the constant in the

electrostatic potential determined by the Poisson equation with Neumann boundary conditions
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(see the properties of the Neumann function in subsection 4.1). System (2.2) is provided with

non-negative initial data (ρ̄0, n̄0) that satisfy∫
Ω

ρ̄0 dx =

∫
Ω

n̄0 dx = M̄ < +∞. (2.4)

From the structure of the first two equations of system (2.2) one observes that condition (2.4) is

formally preserved for all t ∈ [0, T [.

Drift-diffusion equations are commonly used to model semiconductor devices [19], and existence

theories under various boundary conditions applicable to the semiconductor setting can be found in

[7, 11]. Drift-diffusion equations incorporate a gradient flow structure induced by the Wasserstein

distance [21], and its role in the bipolar drift-diffusion model is studied in [13]. In the one-

dimensional case, [20] presents a theory of weak solutions to a bipolar drift-diffusion system as the

limit of a scaled sequence of entropy weak solutions of a bipolar Euler-Poisson system, while [6]

studies the long-time asymptotics.

2.2. Bipolar Euler-Poisson. The bipolar Euler-Poisson system (1.2) describes the motion of

two-species charged isentropic fluids subjected to an electric field. The system is formed by a pair

of continuity equations for the densities, two momentum equations with friction, and a coupling

Poisson equation for the electric field. The friction term is responsible for a damping force that

gives rise to energy dissipation.

For a theory of existence of weak solutions to a bipolar Euler-Poisson system in the one-

dimensional case, refer to [20]. There, compensated compactness is used to establish the existence

of weak entropy solutions as the limit of a numerical approximation based on a modified fractional

step Lax-Friedrich scheme. There it is also proved that these solutions satisfy L∞ and L2 bounds.

Regarding the structure of the momenum equations of system (1.2), observe that the fric-

tional coefficient 1/ε also multiplies the internal energy and electric field terms. From the bipolar

Boltzmann-Poisson model with a Lenard-Bernstein collision operator [10, 17, 19], one formally

derives the following system (see appendix for details)

ρt +∇ · (ρu) = 0

(ρu)t +∇ · (ρu⊗ u) +∇p1(ρ) = −ρ∇ϕ− 1
τ ρu

nt +∇ · (nv) = 0

(nv)t +∇ · (nv ⊗ v) +∇p2(n) = n∇ϕ− 1
τ nv

−∆ϕ = ρ− n,

(2.5)

where ρ and n represent the densities of the fluids, ρu and nv represent the momentums, ϕ stands

for the electrostatic potential, and τ is the collision time. The formal limit of this system as

τ → 0 is trivial in the hyperbolic scale. In the assumed Eulerian frame of reference, the collision

time is usually much smaller than the observational time. For this reason one considers the time

scaling ∂/∂t → τ∂/∂t (the so-called diffusion scaling), so that the observational time is measured



HIGH-FRICTION LIMIT TO BIPOLAR DRIFT-DIFFUSION 5

in multiple units of the collision time. A change of scale is also applied to the velocities u′ =
u

τ
,

v′ =
v

τ
. After dropping the primes (u′ → u, v′ → v) and setting ε = τ2 one obtains the system



ρt +∇ · (ρu) = 0

(ρu)t +∇ · (ρu⊗ u) + 1
ε∇p1(ρ) = − 1

ερ∇ϕ− 1
ερu

nt +∇ · (nv) = 0

(nv)t +∇ · (nv ⊗ v) + 1
ε∇p2(n) =

1
εn∇ϕ− 1

εnv

−∆ϕ = ρ− n,

(2.6)

which is system (1.2) thanks to (1.5) and (2.1). The collision time squared τ2 = ε is called the

momentum relaxation time of system (2.6). The limit of system (2.6) as ε → 0 is called the

relaxation, overdamped or high-friction limit.

System (2.6) is prescribed with no-flux boundary conditions for the velocities and for the electric

field. Precisely, the boundary conditions are

u · ν = v · ν =
∂ϕ

∂ν
= 0 on [0, T [×∂Ω,

∫
∂Ω

ϕ dx = 0, (2.7)

where ν is an outer normal vector to ∂Ω. Under this setting the fluids do not exit the set Ω and

the system is electrically insulated.

For the initial datum (ρ0, u0, n0, v0), we assume that ρ0, n0 are non-negative and satisfy∫
Ω

ρ0 dx =

∫
Ω

n0 dx =M < +∞, (2.8)

while u0, v0 satisfy the no-flux condition at the boundary. The continuity equations together with

(2.7) imply that condition (2.8) is preserved for all times t ∈ [0, T [.

2.3. Relative energy identity for the bipolar fluid system. In this section, a relative energy

identity for solutions of (2.6) is derived. This identity, expression (2.21), is produced by an exact

formal calculation using the abstract formalism presented in [8]. Then, in Proposition 4.4, we

outline an argument producing the relative energy calculation between a weak dissipative solution

of (2.6) and a strong and bounded away from vacuum solution of (2.2).

The potential energy functional that generates the bipolar fluid system is

E = E(ρ, n) =
∫
Ω

h1(ρ) + h2(n) +
1
2 |∇ϕ|

2dx

=

∫
Ω

h1(ρ) + h2(n) +
1
2 (ρ− n)

(
N ∗ (ρ− n)

)
dx.

Using (2.1) one can readily see

−ρ∇δE
δρ

(ρ, n) = ∇ · S1(ρ)− ρ∇
(
N ∗ (ρ− n)

)
, (2.9)

−n∇δE
δn

(ρ, n) = ∇ · S2(n) + n∇
(
N ∗ (ρ− n)

)
, (2.10)

where S1(ρ) = −p1(ρ)I, S2(n) = −p2(n)I are the pressure stresses.



6 NUNO J. ALVES AND ATHANASIOS E. TZAVARAS

To develop the relative energy identity for (2.6), some preliminary formulas are needed. Let φ

be a vector valued test function, and write the weak forms of the identities (2.9) and (2.10)

〈δE
δρ

(ρ, n),∇ · (ρφ)
〉
= −

∫
Ω

S1(ρ) : ∇φ dx+

∫
Ω

(
N ∗ (ρ− n)

)
∇ · (ρφ)dx, (2.11)

〈δE
δn

(ρ, n),∇ · (nφ)
〉
= −

∫
Ω

S2(n) : ∇φ dx−
∫
Ω

(
N ∗ (ρ− n)

)
∇ · (nφ)dx. (2.12)

Taking the directional derivative of (2.11) in the direction ρ and of (2.12) in the direction n we

respectively obtain

〈〈δ2E
δρ2

(ρ, n),
(
∇ · (ρφ), ψ

)〉〉
+
〈δE
δρ

(ρ, n),∇ · (ψφ)
〉

=−
∫
Ω

〈δS1

δρ
(ρ), ψ

〉
: ∇φ dx+

∫
Ω

(N ∗ ψ)∇ · (ρφ)dx

+

∫
Ω

(
N ∗ (ρ− n)

)
∇ · (ψφ)dx,

(2.13)

〈〈δ2E
δn2

(ρ, n),
(
∇ · (nφ), ψ

)〉〉
+
〈δE
δn

(ρ, n),∇ · (ψφ)
〉

=−
∫
Ω

〈δS2

δn
(n), ψ

〉
: ∇φ dx+

∫
Ω

(N ∗ ψ)∇ · (nφ)dx

−
∫
Ω

(
N ∗ (ρ− n)

)
∇ · (ψφ)dx,

(2.14)

where ψ is a scalar test function. Finally, we need a formula for the mixed functional derivatives

of E , which, for scalar valued test functions α, β, takes the form:

〈〈 δ2E
δρδn

(ρ, n), (α, β)
〉〉

=
〈〈 δ2E
δnδρ

(ρ, n), (α, β)
〉〉

= −
∫
Ω

(N ∗ β)α dx. (2.15)

Next, define the relative functional associated with E , given by the quadratic part of the Taylor

series expansion of E . Given density pairs (ρ, n), (ρ̄, n̄), with ϕ = N ∗ (ρ− n), ϕ̄ = N ∗ (ρ̄− n̄), the

relative potential energy functional is defined by

E(ρ, n|ρ̄, n̄) = E(ρ, n)− E(ρ̄, n̄)−
〈δE
δρ

(ρ̄, n̄), ρ− ρ̄
〉
−
〈δE
δn

(ρ̄, n̄), n− n̄
〉
.

A straightforward computation gives

E(ρ, n|ρ̄, n̄) =
∫
Ω

h1(ρ|ρ̄) + h2(n|n̄) + 1
2 |∇(ϕ− ϕ̄)|2dx,

where h(r|r̄) = h(r)− h(r̄)− h′(r̄)(r − r̄).

Now let (ρ, ρu, n, nv), (ρ̄, ρ̄ū, n̄, n̄v̄), with ϕ = N ∗ (ρ − n), ϕ̄ = N ∗ (ρ̄ − n̄), be two smooth

solutions of (2.6). Using the continuity equations one derives
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d

dt
E(ρ, n|ρ̄, n̄) = d

dt

(
E(ρ, n)− E(ρ̄, n̄)−

〈δE
δρ

(ρ̄, n̄), ρ− ρ̄
〉
−
〈δE
δn

(ρ̄, n̄), n− n̄
〉)

=

(
−
〈δE
δρ

(ρ, n),∇ · (ρu)
〉
+
〈δE
δρ

(ρ̄, n̄),∇ · (ρ̄ū)
〉
+
〈δE
δρ

(ρ, n),∇ ·
(
ρ(u− ū)

)〉
+
〈〈δ2E
δρ2

(ρ̄, n̄),
(
∇ · (ρ̄ū), ρ− ρ̄

)〉〉
+
〈δE
δρ

(ρ̄, n̄),∇ ·
(
(ρ− ρ̄)ū

)〉
+
〈〈 δ2E
δρδn

(ρ̄, n̄),
(
∇ · (ρ̄ū), n− n̄

)〉〉)
−
〈δE
δρ

(ρ, n)− δE
δρ

(ρ̄, n̄),∇ ·
(
ρ(u− ū)

)〉
+

(
−
〈δE
δn

(ρ, n),∇ · (nv)
〉
+
〈δE
δρ

(ρ̄, n̄),∇ · (n̄v̄)
〉
+
〈δE
δρ

(ρ, n),∇ ·
(
n(v − v̄)

)〉
+
〈〈δ2E
δn2

(ρ̄, n̄),
(
∇ · (n̄v̄), n− n̄

)〉〉
+
〈δE
δn

(ρ̄, n̄),∇ ·
(
(n− n̄)v̄

)〉
+
〈〈 δ2E
δnδρ

(ρ̄, n̄),
(
∇ · (n̄v̄), ρ− ρ̄

)〉〉)
−
〈δE
δn

(ρ, n)− δE
δn

(ρ̄, n̄),∇ ·
(
n(v − v̄)

)〉
=: Iρu −

〈δE
δρ

(ρ, n)− δE
δρ

(ρ̄, n̄),∇ ·
(
ρ(u− ū)

)〉
+ Inv −

〈δE
δn

(ρ, n)− δE
δn

(ρ̄, n̄),∇ ·
(
n(v − v̄)

)〉

(2.16)

where Iρu and Inv are the terms in parentheses, respectively.

To compute Iρu, one applies formula (2.11) to its first three terms, formula (2.13) with ψ = ρ−ρ̄,

φ = ū to its fourth and fifth terms, and formula (2.15) with α = ∇ · (ρ̄ū), β = n − n̄ to its last

term to obtain

Iρu =

∫
Ω

(
S1(ρ)− S1(ρ̄)−

〈δS1

δρ
(ρ̄), ρ− ρ̄

〉)
: ∇ū dx

−
∫
Ω

(
N ∗ (ρ− n− ρ̄+ n̄)

)
∇ ·
(
(ρ− ρ̄)ū

)
dx

=

∫
Ω

S1(ρ|ρ̄) : ∇ū dx+

∫
Ω

(ρ− ρ̄)ū · ∇(ϕ− ϕ̄)dx.

(2.17)

In a similar fashion, using formulas (2.12), (2.14), (2.15) one derives

Inv =

∫
Ω

S2(n|n̄) : ∇v̄ dx−
∫
Ω

(n− n̄)v̄ · ∇(ϕ− ϕ̄)dx. (2.18)

Substituting (2.17) and (2.18) into (2.16) it yields

d

dt
E(ρ, n|ρ̄, n̄) =

∫
Ω

S1(ρ|ρ̄) : ∇ū+ S2(n|n̄) : ∇v̄ dx

+

∫
Ω

(
(ρ− ρ̄)ū− (n− n̄)v̄

)
· ∇(ϕ− ϕ̄)dx

−
〈δE
δρ

(ρ, n)− δE
δρ

(ρ̄, n̄),∇ ·
(
ρ(u− ū)

)〉
−
〈δE
δn

(ρ, n)− δE
δn

(ρ̄, n̄),∇ ·
(
n(v − v̄)

)〉
.

(2.19)

To reach identity (2.19) one has only used the continuity equations and the structure of the

potential energy functional E . In order to exploit the structure of the momentum equations, we



8 NUNO J. ALVES AND ATHANASIOS E. TZAVARAS

consider the kinetic energy functional K for the bipolar fluid system,

K(ρ, ρu, n, nv) =

∫
Ω

1
2ρ|u|

2 + 1
2n|v|

2dx,

and compute the relative kinetic energy

K(ρ, ρu, n, nv|ρ̄, ρ̄ū, n̄, n̄v̄)

= K(ρ, ρu, n, nv)−K(ρ̄, ρ̄ū, n̄, n̄v̄)

−
〈δK
δρ

(ρ̄, ρ̄ū, n̄, n̄v̄), ρ− ρ̄
〉
−
〈 δK
δ(ρu)

(ρ̄, ρ̄ū, n̄, n̄v̄), ρu− ρ̄u
〉

−
〈δK
δn

(ρ̄, ρ̄ū, n̄, n̄v̄), n− n̄
〉
−
〈 δK
δ(nv)

(ρ̄, ρ̄ū, n̄, n̄v̄), nv − n̄v
〉
.

=

∫
Ω

1
2ρ|u− ū|2 + 1

2n|v − v̄|2dx,

where (ρ, ρu, n, nv), (ρ̄, ρ̄ū, n̄, n̄v̄) are two pairs of densities and momenta.

Let (ρ, ρu, n, nv), (ρ̄, ρ̄ū, n̄, n̄v̄), with ϕ = N ∗ (ρ−n), ϕ̄ = N ∗ (ρ̄− n̄), be two solutions of (2.6).

Consider the momentum equation satisfied by the difference u− ū,

ε(u− ū)t + ε(u · ∇)(u− ū) + ε
(
(u− ū) · ∇

)
ū = −∇

(δE
δρ

(ρ, n)− δE
δρ

(ρ̄, n̄)
)
− (u− ū).

Taking the inner product with ρ(u− ū) and using the continuity equation gives(
ε 12ρ|u− ū|2

)
t
+ ε∇·

(
1
2ρ|u− ū|2u

)
+ ε∇ū : ρ(u− ū)⊗ (u− ū)

= −∇
(δE
δρ

(ρ, n)− δE
δρ

(ρ̄, n̄)
)
·
(
ρ(u− ū)

)
− ρ|u− ū|2.

Analogously,(
ε 12n|v − v̄|2

)
t
+ ε∇·

(
1
2n|v − v̄|2v

)
+ ε∇v̄ : n(v − v̄)⊗ (v − v̄)

= −∇
(δE
δn

(ρ, n)− δE
δn

(ρ̄, n̄)
)
·
(
n(v − v̄)

)
− n|v − v̄|2.

Adding the previous expressions and integrating over space renders the evolution of the relative

kinetic energy

d

dt

∫
Ω

ε 12ρ|u− ū|2 + ε 12n|v − v̄|2dx+

∫
Ω

ρ|u− ū|2 + n|v − v̄|2dx

=− ε

∫
Ω

∇ū : ρ(u− ū)⊗ (u− ū) +∇v̄ : n(v − v̄)⊗ (v − v̄)dx

+
〈δE
δρ

(ρ, n)− δE
δρ

(ρ̄, n̄),∇ ·
(
ρ(u− ū)

)〉
+
〈δE
δn

(ρ, n)− δE
δn

(ρ̄, n̄),∇ ·
(
n(v − v̄)

)〉
.

(2.20)

The relative energy identity is then obtained by adding (2.19) with (2.20):

d

dt

(
E(ρ, n|ρ̄, n̄) + ε

∫
Ω

1
2ρ|u− ū|2 + 1

2n|v − v̄|2dx
)
+

∫
Ω

ρ|u− ū|2 + n|v − v̄|2dx

=− ε

∫
Ω

∇ū : ρ(u− ū)⊗ (u− ū) +∇v̄ : n(v − v̄)⊗ (v − v̄)dx

+

∫
Ω

S1(ρ|ρ̄) : ∇ū+ S2(n|n̄) : ∇v̄ dx

+

∫
Ω

(
(ρ− ρ̄)ū− (n− n̄)v̄

)
· ∇(ϕ− ϕ̄)dx.

(2.21)
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3. Statement of the main result

The main objective of this work is to compare a dissipative weak solution (ρ, ρu, n, nv), with

ϕ = N ∗ (ρ− n), of the bipolar Euler-Poisson system (2.6) with a strong and bounded away from

vacuum solution (ρ̄, n̄), ϕ̄ = N ∗ (ρ̄− n̄), of the bipolar drift-diffusion system (2.2). As precised in

subsection 2.2, the limit ε→ 0 corresponds to the overdamping limit for the bipolar Euler-Poisson

system. The plan of the section is to first precise the notions of solutions utilized in this work,

then describe the methodology of comparison via the relative energy, and finally state the main

result.

The internal energy functions h1, h2 and the pressure functions p1, p2 are assumed to satisfy,

apart from (2.1), the limiting behaviors

lim
r→+∞

hi(r)

rγi
=

ki
γi − 1

, (3.1)

and

|p′′i (r)| ≤ k̂i
p′i(r)

r
, r > 0, (3.2)

for some exponents γ1, γ2 > 1 and for some positive constants ki, k̂i, i = 1, 2. The prototypical

examples satisfying these conditions are

p(r) = krγ , h(r) =
k

γ − 1
rγ ,

where γ > 1 and k > 0.

First we describe the assumptions on the solution of the bipolar Euler-Poisson system (2.6).

Definition 3.1. The vector function (ρ, ρu, n, nv) with ρ, n ≥ 0 and regularity

ρ ∈ C
(
[0, T [;Lγ1(Ω)

)
, n ∈ C

(
[0, T [;Lγ2(Ω)

)
,

ρu, nv ∈ C
(
[0, T [;

(
L1(Ω)

)d)
,

ρ|u|2, n|v|2 ∈ L1
(
]0, T [×Ω)

)
,

together with ϕ = N ∗ (ρ− n) satisfying

ρ∇ϕ, n∇ϕ ∈ L1 (]0, T [×Ω)

is a weak solution of (2.6) provided that:

(i) (ρ, ρu, n, nv) satisfies (2.6) in the weak sense

−
∫ T

0

∫
Ω

φtρ dxdt−
∫ T

0

∫
Ω

∇φ · (ρu)dxdt−
∫
Ω

φρ
∣∣
t=0

dx = 0, (3.3)

−ε
∫ T

0

∫
Ω

φ̃t · (ρu)dxdt− ε

∫ T

0

∫
Ω

∇φ̃ : ρu⊗ u dxdt

−
∫ T

0

∫
Ω

(∇ · φ̃)p1(ρ)dxdt− ε

∫
Ω

φ̃ · (ρu)
∣∣
t=0

dx

=−
∫ T

0

∫
Ω

φ̃ · (ρ∇ϕ)dxdt−
∫ T

0

∫
Ω

φ̃ · (ρu)dxdt,

(3.4)
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−
∫ T

0

∫
Ω

ψtn dxdt−
∫ T

0

∫
Ω

∇ψ · (nv)dxdt−
∫
Ω

ψn
∣∣
t=0

dx = 0, (3.5)

−ε
∫ T

0

∫
Ω

ψ̃t · (nv)dxdt− ε

∫ T

0

∫
Ω

∇ψ̃ : nv ⊗ v dxdt

−
∫ T

0

∫
Ω

(∇ · ψ̃)p2(n)dxdt− ε

∫
Ω

ψ̃ · (nv)
∣∣
t=0

dx

=

∫ T

0

∫
Ω

ψ̃ · (n∇ϕ)dxdt−
∫ T

0

∫
Ω

ψ̃ · (nv)dxdt,

(3.6)

for all Lipschitz test functions φ,ψ : [0, T [×Ω̄ → R, φ̃, ψ̃ : [0, T [×Ω̄ → Rd compactly sup-

ported in time and satisfying φ̃ · ν = ψ̃ · ν = 0 on [0, T [×∂Ω, where ν is any outer normal

vector to the boundary;

(ii) (ρ, ρu, n, nv) is equipped with the bounds:∫
Ω

ρ dx =

∫
Ω

n dx =M < +∞, ∀t ∈ [0, T [, (3.7)

sup
[0,T [

∫
Ω

ε 12ρ|u|
2 + ε 12n|v|

2 + h1(ρ) + h2(n) +
1
2 |∇ϕ|

2dx < +∞. (3.8)

Solutions of (2.6) clearly depend on ε, that is (ρ, ρu, n, nv) = (ρε, ρεuε, nε, nεvε); this dependence is

suppressed for simplicity. Property (3.7) represents the conservation of mass for ρ and n, whereas

(3.8) asserts that the total energy is finite.

Definition 3.2. A weak solution (ρ, ρu, n, nv), ϕ = N ∗ (ρ − n), of (2.6) is called dissipative if

ρ|u|2, n|v|2, |∇ϕ|2 ∈ C
(
[0, T [;L1(Ω)

)
, and it satisfies

−
∫ T

0

∫
Ω

(
ε 12ρ|u|

2 + ε 12n|v|
2 + h1(ρ) + h2(n) +

1
2 |∇ϕ|

2
)
θ̇(t)dxdt

+

∫ T

0

∫
Ω

(
ρ|u|2 + n|v|2

)
θ(t)dxdt

≤
∫
Ω

(
ε 12ρ|u|

2 + ε 12n|v|
2 + h1(ρ) + h2(n) +

1
2 |∇ϕ|

2
)∣∣

t=0
θ(0)dx

(3.9)

for any non-negative θ ∈W 1,∞([0, T [) with compact support.

Next, we turn to solutions (ρ̄, n̄), with ϕ̄ = N ∗ (ρ̄ − n̄), of the bipolar drift-diffusion system.

These are assumed to be classical solutions of (2.2) which satisfy the boundary conditions (2.3),

and emanate from initial data satisfying the bounds∫
Ω

ρ̄0 dx =

∫
Ω

n̄0 dx = M̄ < +∞, (3.10)∫
Ω

h1(ρ̄0) + h2(n̄0) +
1
2 |∇ϕ̄0|

2dx < +∞, (3.11)

where ϕ̄0 = N ∗ (ρ̄0 − n̄0). Setting

ū = −∇
(
h′1(ρ̄) + ϕ̄

)
, v̄ = −∇

(
h′2(n̄)− ϕ̄

)
, (3.12)
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after multiplying the previous expressions by ρ̄ū and n̄v̄, respectively, and integrating over space

one obtains the energy identity for system (2.2):

d

dt

∫
Ω

h1(ρ̄) + h2(n̄) +
1
2 |∇ϕ̄|

2dx = −
∫
Ω

ρ̄|ū|2 + n̄|v̄|2dx. (3.13)

Due to (3.13), condition (3.11) is preserved for all times t ∈ [0, T [. Expressing the energy identity

(3.13) in a weak form, one has that a strong solution of (2.2) satisfies

−
∫ T

0

∫
Ω

(
h1(ρ̄) + h2(n̄) +

1
2 |∇ϕ̄|

2
)
θ̇(t)dxdt+

∫ T

0

∫
Ω

(
ρ̄|ū|2 + n̄|v̄|2

)
θ(t)dxdt

=

∫
Ω

(
h1(ρ̄) + h2(n̄) +

1
2 |∇ϕ̄|

2
)∣∣

t=0
θ(0)dx,

(3.14)

for all θ ∈W 1,∞([0, T [) with compact support.

Moreover, (ρ̄, n̄) is assumed to be bounded away from vacuum:

(H) There exist δ1, δ2 > 0 and M1,M2 < +∞ such that

ρ̄(t, x) ∈ [δ1,M1] , n̄(t, x) ∈ [δ2,M2] for (t, x) ∈ [0, T [×Ω.

In order to compare (ρ, ρu, n, nv, ϕ) with (ρ̄, n̄, ϕ̄) we proceed along the lines of [16] and view

(ρ̄, n̄, ϕ̄) as an approximate solution of (2.6). This is accomplished by setting (ū, v̄) via (3.12). We

refer to the resulting (ρ̄, ρ̄u, n̄, n̄v̄) as a strong and bounded away from vacuum solution of (2.2).

The regularity “strong” refers to the boundedness of all of its derivatives that will appear later.

Precisely, one requires that the derivatives

∂ρ̄

∂t
,
∂n̄

∂t
,

∂2ρ̄

∂xi∂t
,
∂2n̄

∂xi∂t
,
∂2ϕ̄

∂xi∂t
,

∂2ρ̄

∂xi∂xj
,

∂2n̄

∂xi∂xj
,

∂2ϕ̄

∂xi∂xj

are in L∞([0, T [×Ω) for all i, j = 1, . . . , d.

One easily checks that

ρ̄t +∇ · (ρ̄ū) = 0,

n̄t +∇ · (n̄v̄) = 0,

and

ρ̄ū · ν = n̄v̄ · ν = 0 on [0, T [×∂Ω (3.15)

for ν an outer normal vector to ∂Ω. Then setting

ē1 = (ρ̄ū)t +∇ · (ρ̄ū⊗ ū),

ē2 = (n̄v̄)t +∇ · (n̄v̄ ⊗ v̄),

the equilibrium system (2.2) can be rewritten as an approximation of the system (2.6),

ρ̄t +∇ · (ρ̄ū) = 0

(ρ̄ū)t +∇ · (ρ̄ū⊗ ū) = − 1
ε ρ̄∇(h′1(ρ̄) + ϕ̄)− 1

ε ρ̄ū+ ē1

n̄t +∇ · (n̄v̄) = 0

(n̄v̄)t +∇ · (n̄v̄ ⊗ v̄) = − 1
ε n̄∇(h′2(n̄)− ϕ̄)− 1

ε n̄v̄ + ē2

−∆ϕ̄ = ρ̄− n̄.

(3.16)
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where

ē1, ē2 ∈
(
L∞(]0, T [×Ω)

)d
.

The two solutions (ρ, ρu, n, nv) and (ρ̄, ρ̄u, n̄, n̄v̄), with ϕ = N ∗ (ρ − n), ϕ̄ = N ∗ (ρ̄ − n̄) are

then compared by means of the relative energy Ψ : [0, T [→ R for (2.6) given by

Ψ(t) =

∫
Ω

ε 12ρ|u− ū|2 + ε 12n|v − v̄|2 + h1(ρ|ρ̄) + h2(n|n̄) + 1
2 |∇(ϕ− ϕ̄)|2dx.

We prove:

Theorem 3.3. Let (ρ, ρu, n, nv), with ϕ = N ∗ (ρ−n), be a dissipative weak solution of (2.6) with

γ1, γ2 ≥ 2 − 1
d , and let (ρ̄, ρ̄ū, n̄, n̄v̄), with ϕ̄ = N ∗ (ρ̄ − n̄), be a strong and bounded away from

vacuum solution of (2.2). There exists C > 0 such that for t ∈ [0, T [ the relative energy Ψ between

these two solutions satisfies the stability estimate

Ψ(t) ≤ eCT
(
Ψ(0) + ε2

)
.

Therefore if Ψ(0) → 0 as ε→ 0, then Ψ(t) → 0 as ε→ 0 for every t ∈ [0, T [.

4. Convergence in the relaxation limit

This section contains the proof of Theorem 3.3. We start with some auxilliary results on the

behavior of the Neumann function and Riesz potentials, then continue with the derivation of the

relative energy identity within the regularity class detailed in section 3, and conclude with the

proof of the stability estimate.

4.1. Auxiliary results. Regarding the Neumann function N ∈ C∞(Ω̄ × Ω̄ \ {(x, x) |

x ∈ Ω̄}), the relevant properties that will be used are [12, Chapter 1, Section 6]:

(i) N(x, y) = N(y, x),

(ii) N(x, y) ≤ C

|x− y|d−2
,

(iii) ∇xN(x, y) ≤ C

|x− y|d−1
,

(iv) If f ∈ H1(Ω)∗ ∩W 1,p(Ω)∗, for p < d/(d − 1), satisfies
∫
Ω
f dx = 0, then β = N ∗ f is the

unique solution of ∫
Ω

∇β · ∇φ dx =

∫
Ω

fφ dx ∀φ ∈ H1(Ω)

that satisfies
∫
∂Ω
β dx = 0 and belongs to Cα(Ω̄), with α depending only on d.

In order to deal with the electrostatic potential ϕ one needs to recall the notion of Riesz potential.

Given a function f : Rd → R, the Riesz potential of f is the function Iα(f) given by

Iα(f)(x) =

∫
Rd

f(y)

|x− y|d−α
dy,

with 0 < α < d. Regarding these potentials one has the following result [22, Chapter V, Section 1]:
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Proposition 4.1. Let 0 < α < d and 1 < p < d/α. If f ∈ Lp(Rd), then Iα(f)(x) converges

absolutely for a.e. x ∈ Rd and

||Iα(|f |)||
L

dp
d−αp (Rd)

≤ C||f ||Lp(Rd),

for some positive constant C = C(α, d, p).

Combining this previous proposition with the properties of the Neumann function one has:

Proposition 4.2. Let d ∈ N \ {1, 2}, f, g ∈ Lγ(Ω), ϕ = N ∗ f, φ = N ∗ g, ∇ϕ = ∇xN ∗ f, and

∇φ = ∇xN ∗ g, where γ ≥ 2d
d+2 , Ω ⊆ Rd is a smooth bounded domain with smooth boundary, and

N is the Neumann function. Then, ϕ, φ ∈ L
2d

d−2 (Ω), ∇ϕ,∇φ ∈ L2(Ω), and∫
Ω

∇ϕ · ∇φdx =

∫
Ω

fφdx =

∫
Ω

gϕdx =

∫
Ω

∫
Ω

f(x)N(x, y)g(y)dxdy. (4.1)

Proof. First one demonstrates that ϕ ∈ L
2d

d−2 (Ω) and ∇ϕ ∈ L2(Ω) (so φ ∈ L
2d

d−2 (Ω) and ∇φ ∈

L2(Ω) aswell). Set p = 2d
d+2 and observe that since d > 2 one has 1 < p < d/2. Let f̃ be given by

f̃(x) =

f(x), if x ∈ Ω,

0, otherwise.

Clearly f̃ ∈ L1(Rd) ∩ Lγ(Rd), and since γ ≥ p = 2d
d+2 interpolation gives that f̃ ∈ Lp(Rd). From

the properties of the Neumann function one deduces that

|ϕ(x)| ≤
∫
Ω

|N(x, y)||f(y)|dy ≤ C

∫
Ω

|f(y)|
|x− y|d−2

dy

≤ C

∫
Rd

|f̃(y)|
|x− y|d−2

dy = CI2(|f̃ |)(x), x ∈ Ω.

Using Proposition 4.1 with α = 2, p = 2d
d+2 , one obtains

||ϕ||
L

2d
d−2 (Ω)

≤ C||I2(|f̃ |)||
L

2d
d−2 (Ω)

≤ C||I2(|f̃ |)||
L

2d
d−2 (Rd)

≤ C||f̃ ||Lp(Rd)

= C||f ||Lp(Ω).

Similarly,

|∇ϕ(x)| ≤ CI1(|f̃ |)(x), x ∈ Ω,

hence

||∇ϕ||L2(Ω) ≤ C∥I1(|f̃ |)∥L2(Ω) ≤ C||f ||Lp(Ω),

where we used Proposition 4.1 with α = 1, p = 2d
d+2 .

To prove the second and third equalities of expression (4.1) one observes that p′ = 2d
d−2 , so∫

Ω

fφdx ≤
(∫

Ω

|f |pdx
) 1

p
(∫

Ω

|φ|p
′
dx
) 1

p′
< +∞,

then Fubini’s theorem and the symmetry of the Neumann function yield the desired conclusion.
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Next, we prove the first equality in (4.1). For f, g ∈ Lp(Ω), there exist sequences (fn)n∈N, (gn)n∈N

belonging to C∞
c (Ω) such that

fn → f in Lp(Ω),

gn → g in Lp(Ω).

Let ϕn = N ∗ fn and φn = N ∗ gn Then,

||ϕ− ϕn||Lp′ (Ω) ≤ C||f − fn||Lp(Ω) → 0 as n→ +∞,

and

||∇ϕ−∇ϕn||L2(Ω) ≤ C||f − fn||Lp(Ω) → 0 as n→ +∞.

In other words, ϕn → ϕ in Lp′
(Ω) and∇ϕn → ∇ϕ in L2(Ω), and the same holds for φn, φ,∇φn,∇φ.

Thus, ∣∣∣ ∫
Ω

fnφndx−
∫
Ω

fφdx
∣∣∣ ≤ ∫

Ω

|fn||φn − φ|dx+

∫
Ω

|fn − f ||φ|dx

≤ ||fn||Lp(Ω)||φn − φ||Lp′ (Ω) + ||fn − f ||Lp(Ω)||φ||Lp′ (Ω)

→ 0 as n→ +∞,

and ∣∣∣ ∫
Ω

∇ϕn · ∇φndx−
∫
Ω

∇ϕ · ∇φdx
∣∣∣ ≤ ||∇ϕn −∇ϕ||L2(Ω)||∇φn||L2(Ω)

+ ||∇ϕ||L2(Ω)||∇φn −∇φ||L2(Ω)

→ 0 as n→ +∞.

Observing that fn, ϕn, φn satisfy ∫
Ω

∇ϕn · ∇φndx =

∫
Ω

fnφndx,

after letting n→ +∞ one obtains the desired identity. □

We finish this subsection with a result proved in [16, Lemma 2.4], which is used in the proof of

Lemma 4.7.

Lemma 4.3. Let h ∈ C2(]0,+∞[) ∩ C([0,+∞[) be such that lim
r→+∞

h(r)
rγ = k

γ−1 for some k > 0

and γ > 1, and h′′(r) > 0 ∀r > 0. Assume that r̄ ∈ [δ,M ], where δ > 0 and M < +∞. Then, there

exists R ≥M + 1 and positive constants C1, C2 such that

h(r|r̄) ≥

C1|r − r̄|2, if (r, r̄) ∈ [0, R]× [δ,M ]

C2|r − r̄|γ , if (r, r̄) ∈]R,+∞[×[δ,M ].

Furthermore, if γ ≥ 2, then h(r|r̄) ≥ C|r − r̄|2 for every (r, r̄) ∈ [0,+∞[×[δ,M ], where C =

min{C1, C2}.
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4.2. Derivation of the relative energy inequality. The relative energy inequality is now de-

rived within the regularity class detailed in section 3.

Proposition 4.4. Let (ρ, ρu, n, nv), with ϕ = N ∗ (ρ− n), be a dissipative weak solution of (2.6)

with γ1, γ2 ≥ 2d
d+2 , and let (ρ̄, ρ̄ū, n̄, n̄v̄), with ϕ̄ = N ∗ (ρ̄ − n̄), be a strong and bounded away

from vacuum solution of (2.2). Then, for each t ∈ [0, T [, the relative energy Ψ between these two

solutions satisfies the following relative energy inequality:

Ψ(t)−Ψ(0) +

∫ t

0

∫
Ω

ρ|u− ū|2 + n|v − v̄|2dxdτ ≤ J1(t) + J2(t) + J3(t) + J4(t), (4.2)

where

J1(t) = −ε
∫ t

0

∫
Ω

∇ū : ρ(u− ū)⊗ (u− ū) +∇v̄ : n(v − v̄)⊗ (v − v̄)dxdτ,

J2(t) = −
∫ t

0

∫
Ω

(∇ · ū)p1(ρ|ρ̄) + (∇ · v̄)p2(n|n̄)dxdτ,

J3(t) =

∫ t

0

∫
Ω

(
(ρ− ρ̄)ū− (n− n̄)v̄

)
· ∇(ϕ− ϕ̄)dxdτ,

J4(t) = −ε
∫ t

0

∫
Ω

ρ

ρ̄
ē1 · (u− ū) +

n

n̄
ē2 · (v − v̄)dxdτ.

Proof. Fix t ∈ [0, T [, let κ be such that t+ κ < T , and define θ : [0, T [ → R by

θ(τ) =


1, if 0 ≤ τ < t

t−τ
κ + 1, if t ≤ τ < t+ κ

0, if t+ κ ≤ τ < T.

Using this choice of θ in (3.9) it yields∫ t+κ

t

∫
Ω

1

κ

(
ε 12ρ|u|

2 + ε 12n|v|
2 + h1(ρ) + h2(n) +

1
2 |∇ϕ|

2
)
dxdτ

+

∫ t

0

∫
Ω

ρ|u|2 + n|v|2dxdτ +
∫ t+κ

t

∫
Ω

( t− τ

κ
+ 1
)(
ρ|u|2 + n|v|2

)
dxdτ

≤
∫
Ω

(
ε 12ρ|u|

2 + ε 12n|v|
2 + h1(ρ) + h2(n) +

1
2 |∇ϕ|

2
)∣∣

τ=0
dx.

Letting κ→ 0+ above one deduces∫
Ω

(
ε 12ρ|u|

2 + ε 12n|v|
2 + h1(ρ) + h2(n) +

1
2 |∇ϕ|

2
)∣∣τ=t

τ=0
dx

≤ −
∫ t

0

∫
Ω

ρ|u|2 + n|v|2dxdτ.
(4.3)

Next, observe that from (3.16), after a straightforward calculation one obtains∫ t

0

∫
Ω

ū · ē1 dxdτ =

∫
Ω

1
2 ρ̄|ū|

2dx
∣∣∣τ=t

τ=0
,∫ t

0

∫
Ω

v̄ · ē2 dxdτ =

∫
Ω

1
2 n̄|v̄|

2dx
∣∣∣τ=t

τ=0
.

(4.4)

Using the same choice of θ in (3.14) together with (4.4) gives∫
Ω

(
ε 12 ρ̄|ū|

2 + ε 12 n̄|v̄|
2 + h1(ρ̄) + h2(n̄) +

1
2 |∇ϕ̄|

2
)∣∣τ=t

τ=0
dx

= −
∫ t

0

∫
Ω

ρ̄|ū|2 + n̄|v̄|2dxdτ + ε

∫ t

0

∫
Ω

ū · ē1 + v̄ · ē2 dxdτ.
(4.5)
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Regarding the difference (ρ− ρ̄, ρu− ρ̄ū, n− n̄, nv− n̄v̄) between a weak solution of (2.6) and a

strong solution of (2.2), one has the following:

−
∫ T

0

∫
Ω

φt(ρ− ρ̄) dxdt−
∫ T

0

∫
Ω

∇φ · (ρu− ρ̄ū)dxdt−
∫
Ω

φ(ρ− ρ̄)
∣∣
t=0

dx = 0,

−ε
∫ T

0

∫
Ω

φ̃t · (ρu− ρ̄ū)dxdt− ε

∫ T

0

∫
Ω

∇φ̃ : (ρu⊗ u− ρ̄ū⊗ ū)dxdt

−
∫ T

0

∫
Ω

(∇ · φ̃)
(
p1(ρ)− p1(ρ̄)

)
dxdt− ε

∫
Ω

φ̃ · (ρu− ρ̄ū)
∣∣
t=0

dx

= −
∫ T

0

∫
Ω

φ̃ · (ρ∇ϕ− ρ̄∇ϕ̄)dxdt−
∫ T

0

∫
Ω

φ̃ · (ρu− ρ̄ū)dxdt− ε

∫ T

0

∫
Ω

φ̃ · ē1dxdt,

−
∫ T

0

∫
Ω

ψt(n− n̄) dxdt−
∫ T

0

∫
Ω

∇ψ · (nv − n̄v̄)dxdt−
∫
Ω

ψ(n− n̄)
∣∣
t=0

dx = 0,

−ε
∫ T

0

∫
Ω

ψ̃t · (nv − n̄v̄)dxdt− ε

∫ T

0

∫
Ω

∇ψ̃ : (nv ⊗ v − n̄v̄ ⊗ v̄)dxdt

−
∫ T

0

∫
Ω

(∇ · ψ̃)
(
p2(n)− p2(n̄)

)
dxdt− ε

∫
Ω

ψ̃ · (nv − n̄v̄)
∣∣
t=0

dx

=

∫ T

0

∫
Ω

ψ̃ · (n∇ϕ− n̄∇ϕ̄)dxdt−
∫ T

0

∫
Ω

ψ̃ · (nv − n̄v̄)dxdt− ε

∫ T

0

∫
Ω

ψ̃ · ē2dxdt,

for all Lipschitz test functions φ,ψ : [0, T [×Ω → R, φ̃, ψ̃ : [0, T [×Ω → Rd compactly supported in

time and with φ̃, ψ̃ satisfying the no-flux boundary condition on the boundary.

Set

(φ, φ̃, ψ, ψ̃) =
(
θ(−ε 12 |ū|

2 + h′1(ρ̄) + ϕ̄), θū, θ(−ε 12 |v̄|
2 + h′2(n̄)− ϕ̄), θv̄

)
,

where θ is as before. In view of (2.3), this choice of (φ, φ̃, ψ, ψ̃) satisfies φ̃ · ν = ψ̃ · ν = 0 on

[0, T [×∂Ω and can be used in the weak formulation. Using that choice and letting κ → 0+ one

obtains

∫
Ω

(
(−ε 12 |ū|

2 + h′1(ρ̄) + ϕ̄)(ρ− ρ̄)
)∣∣τ=t

τ=0
dx

−
∫ t

0

∫
Ω

∂τ (−ε 12 |ū|
2 + h′1(ρ̄) + ϕ̄)(ρ− ρ̄)dxdτ

−
∫ t

0

∫
Ω

∇(−ε 12 |ū|
2 + h′1(ρ̄) + ϕ̄) · (ρu− ρ̄ū)dxdτ = 0,

(4.6)
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ε

∫
Ω

(
ū · (ρu− ρ̄ū)

)∣∣τ=t

τ=0
dx− ε

∫ t

0

∫
Ω

(∂τ ū) · (ρu− ρ̄ū)dxdτ

− ε

∫ t

0

∫
Ω

∇ū : (ρu⊗ u− ρ̄ū⊗ ū)dxdτ −
∫ t

0

∫
Ω

(∇ · ū)
(
p1(ρ)− p1(ρ̄)

)
dxdτ

=−
∫ t

0

∫
Ω

ū · (ρ∇ϕ− ρ̄∇ϕ̄)dxdτ −
∫ t

0

∫
Ω

ū · (ρu− ρ̄ū)dxdτ

− ε

∫ t

0

∫
Ω

ū · ē1dxdτ,

(4.7)

∫
Ω

(
(−ε 12 |v̄|

2 + h′2(n̄)− ϕ̄)(n− n̄)
)∣∣τ=t

τ=0
dx

−
∫ t

0

∫
Ω

∂τ (−ε 12 |v̄|
2 + h′2(n̄)− ϕ̄)(n− n̄)dxdτ

−
∫ t

0

∫
Ω

∇(−ε 12 |v̄|
2 + h′2(n̄)− ϕ̄) · (nv − n̄v̄)dxdτ = 0,

(4.8)

ε

∫
Ω

(
v̄ · (nv − n̄v̄)

)∣∣τ=t

τ=0
dx− ε

∫ t

0

∫
Ω

(∂τ v̄) · (nv − n̄v̄)dxdτ

− ε

∫ t

0

∫
Ω

∇v̄ : (nv ⊗ v − n̄v̄ ⊗ v̄)dxdτ −
∫ t

0

∫
Ω

(∇ · v̄)
(
p2(n)− p2(n̄)

)
dxdτ

=

∫ t

0

∫
Ω

v̄ · (n∇ϕ− n̄∇ϕ̄)dxdτ −
∫ t

0

∫
Ω

v̄ · (nv − n̄v̄)dxdτ

− ε

∫ t

0

∫
Ω

v̄ · ē2dxdτ.

(4.9)

From the computation (4.3)− (4.5)−
(
(4.6) + (4.7) + (4.8) + (4.9)

)
it follows that∫

Ω

(
ε 12ρ|u− ū|2 + ε 12n|v − v̄|2 + h1(ρ|ρ̄) + h2(n|n̄) + 1

2 |∇(ϕ− ϕ̄)|2
)∣∣τ=t

τ=0
dx

≤−
∫ t

0

∫
Ω

ρ|u|2 − ρ̄|ū|2 − ū · (ρu− ρ̄ū)dxdτ

−
∫ t

0

∫
Ω

n|v|2 − n̄|v̄|2 − v̄ · (nv − n̄v̄)dxdτ

−
∫ t

0

∫
Ω

∂τ (−ε 12 |ū|
2 + h′1(ρ̄) + ϕ̄)(ρ− ρ̄)dxdτ

−
∫ t

0

∫
Ω

∂τ (−ε 12 |v̄|
2 + h′2(n̄)− ϕ̄)(n− n̄)dxdτ

− ε

∫ t

0

∫
Ω

(∂τ ū) · (ρu− ρ̄ū)dxdτ − ε

∫ t

0

∫
Ω

(∂τ v̄) · (nv − n̄v̄)dxdτ

−
∫ t

0

∫
Ω

∇(−ε 12 |ū|
2 + h′1(ρ̄) + ϕ̄) · (ρu− ρ̄ū)dxdτ

−
∫ t

0

∫
Ω

∇(−ε 12 |v̄|
2 + h′2(n̄)− ϕ̄) · (nv − n̄v̄)dxdτ

− ε

∫ t

0

∫
Ω

∇ū : (ρu⊗ u− ρ̄ū⊗ ū)dxdτ − ε

∫ t

0

∫
Ω

∇v̄ : (nv ⊗ v − n̄v̄ ⊗ v̄)dxdτ

−
∫ t

0

∫
Ω

(∇ · ū)
(
p1(ρ)− p1(ρ̄)

)
dxdτ −

∫ t

0

∫
Ω

(∇ · v̄)
(
p2(n)− p2(n̄)

)
dxdτ

+

∫ t

0

∫
Ω

ū · (ρ∇ϕ− ρ̄∇ϕ̄)dxdτ −
∫ t

0

∫
Ω

v̄ · (n∇ϕ− n̄∇ϕ̄)dxdτ.

(4.10)
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The strong and bounded away from vacuum solution (ρ̄, ρ̄ū, n̄, n̄v̄), with ϕ̄ = N ∗(ρ̄− n̄), satisfies

the following system ε
(
ūt + ū · ∇ū

)
= −∇

(
h′1(ρ̄) + ϕ̄

)
− ū+ ε ē1ρ̄

ε
(
v̄t + v̄ · ∇v̄

)
= −∇

(
h′2(n̄)− ϕ̄

)
− v̄ + ε ē2n̄ .

(4.11)

Multiplying the first and second equations above by ρ(u− ū) and n(v − v̄), respectively, yields:

ε
(
− 1

2 |ū|
2
)
t
(ρ− ρ̄) + εūt · (ρu− ρ̄ū) + ε∇

(
− 1

2 |ū|
2
)
· (ρu− ρ̄ū)

+ ε∇ū : (ρu⊗ u− ρ̄ū⊗ ū)

=− ρ∇h′1(ρ̄) · (u− ū)− ρ∇ϕ̄ · (u− ū)− ρū · (u− ū)

+ ερ∇ū : (u− ū)⊗ (u− ū) + ε
ρ

ρ̄
ē1 · (u− ū)

ε
(
− 1

2 |v̄|
2
)
t
(n− n̄) + εv̄t · (nv − n̄v̄) + ε∇

(
− 1

2 |v̄|
2
)
· (nv − n̄v̄)

+ ε∇v̄ : (nv ⊗ v − n̄v̄ ⊗ v̄)

=− n∇h′2(n̄) · (v − v̄) + n∇ϕ̄ · (v − v̄)− nv̄ · (v − v̄)

+ ε∇v̄ : (v − v̄)⊗ (v − v̄) + ε
n

n̄
ē2 · (v − v̄).

(4.12)

Substituting (4.12) into (4.10) renders that

∫
Ω

(
ε 12ρ|u− ū|2 + ε 12n|v − v̄|2 + h1(ρ|ρ̄) + h2(n|n̄) + 1

2 |∇(ϕ− ϕ̄)|2
)∣∣τ=t

τ=0
dx

≤−
∫ t

0

∫
Ω

ρ|u|2 − ρ̄|ū|2 − ū · (ρu− ρ̄ū)− ρū · (u− ū)dxdτ

−
∫ t

0

∫
Ω

n|v|2 − n̄|v̄|2 − v̄ · (nv − n̄v̄)− nv̄ · (v − v̄)dxdτ

− ε

∫ t

0

∫
Ω

∇ū : ρ(u− ū)⊗ (u− ū) +∇v̄ : n(v − v̄)⊗ (v − v̄)dxdτ

−
∫ t

0

∫
Ω

∂τ
(
h′1(ρ̄)

)
(ρ− ρ̄) +∇h′1(ρ̄) · (ρu− ρ̄ū)dxdτ

−
∫ t

0

∫
Ω

(∇ · ū)
(
p1(ρ)− p1(ρ̄)

)
−∇h′1(ρ̄) · (ρu− ρū)dxdτ

−
∫ t

0

∫
Ω

∂τ
(
h′2(n̄)

)
(n− n̄) +∇h′2(n̄) · (nv − n̄v̄)dxdτ

−
∫ t

0

∫
Ω

(∇ · ū)
(
p2(n)− p2(n̄)

)
−∇h′2(n̄) · (nv − nv̄)dxdτ

+

∫ t

0

∫
Ω

−(∂τ ϕ̄)(ρ− ρ̄)−∇ϕ̄ · (ρu− ρ̄ū)dxdτ

+

∫ t

0

∫
Ω

ū · (ρ∇ϕ− ρ̄∇ϕ̄) + ρ∇ϕ̄ · (u− ū)dxdτ

−
∫ t

0

∫
Ω

−(∂τ ϕ̄)(n− n̄)−∇ϕ̄ · (nv − n̄v̄)dxdτ

−
∫ t

0

∫
Ω

v̄ · (ρ∇ϕ− n̄∇ϕ̄) + n∇ϕ̄ · (v − v̄)dxdτ

− ε

∫ t

0

∫
Ω

ρ

ρ̄
ē1 · (u− ū) +

n

n̄
ē2 · (v − v̄)dxdτ.

(4.13)
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A simple calculation provides

−
∫ t

0

∫
Ω

ρ|u|2 − ρ̄|ū|2 − ū · (ρu− ρ̄ū)− ρū · (u− ū)dxdτ = −
∫ t

0

∫
Ω

ρ|u− ū|2dxdτ, (4.14)

−
∫ t

0

∫
Ω

n|v|2 − n̄|v̄|2 − v̄ · (nv − n̄v̄)− nv̄ · (v − v̄)dxdτ = −
∫ t

0

∫
Ω

n|v − v̄|2dxdτ. (4.15)

Additionally, since ρ̄t +∇ · (ρ̄ū) = 0 and n̄t +∇ · (n̄v̄) = 0 one derives

−
∫ t

0

∫
Ω

∂τ
(
h′1(ρ̄)

)
(ρ− ρ̄) +∇h′1(ρ̄) · (ρu− ρ̄ū)dxdτ

−
∫ t

0

∫
Ω

(∇ · ū)
(
p1(ρ)− p1(ρ̄)

)
−∇h′1(ρ̄) · (ρu− ρū)dxdτ

=−
∫ t

0

∫
Ω

(∇ · ū)p1(ρ|ρ̄)dxdτ,

(4.16)

−
∫ t

0

∫
Ω

∂τ
(
h′2(n̄)

)
(n− n̄) +∇h′2(n̄) · (nv − n̄v̄)dxdτ

−
∫ t

0

∫
Ω

(∇ · v̄)
(
p2(n)− p2(n̄)

)
−∇h′2(n̄) · (nv − ρv̄)dxdτ

=−
∫ t

0

∫
Ω

(∇ · v̄)p2(n|n̄)dxdτ.

(4.17)

Moreover, the second equality of identity (4.1) and the no-flux boundary conditions (3.15) imply

that ∫ t

0

∫
Ω

−(∂τ ϕ̄)(ρ− ρ̄)−∇ϕ̄ · (ρu− ρ̄ū)dxdτ

+

∫ t

0

∫
Ω

ū · (ρ∇ϕ− ρ̄∇ϕ̄) + ρ∇ϕ̄ · (u− ū)dxdτ

−
∫ t

0

∫
Ω

−(∂τ ϕ̄)(n− n̄)−∇ϕ̄ · (nv − n̄v̄)dxdτ

−
∫ t

0

∫
Ω

v̄ · (n∇ϕ− n̄∇ϕ̄) + n∇ϕ̄ · (v − v̄)dxdτ

=

∫ t

0

∫
Ω

−(ρ− ρ̄− n+ n̄)(∂τ ϕ̄) +∇(ϕ− ϕ̄) · (ρū− nv̄)dxdτ

=

∫ t

0

∫
Ω

(
(ρ− ρ̄)ū− (n− n̄)v̄

)
· ∇(ϕ− ϕ̄)dxdτ.

(4.18)

Finally, replacing (4.14), (4.15), (4.16), (4.17) and (4.18) in (4.13) yields

∫
Ω

(
ε 12ρ|u− ū|2 + ε 12n|v − v̄|2 + h1(ρ|ρ̄) + h2(n|n̄) + 1

2 |∇(ϕ− ϕ̄)|2
)∣∣τ=t

τ=0
dx

≤−
∫ t

0

∫
Ω

ρ|u− ū|2 + n|v − v̄|2dxdτ

− ε

∫ t

0

∫
Ω

∇ū : ρ(u− ū)⊗ (u− ū) +∇v̄ : n(v − v̄)⊗ (v − v̄)dxdτ

−
∫ t

0

∫
Ω

(∇ · ū)p1(ρ|ρ̄) + (∇ · v̄)p2(n|n̄)dxdτ

+

∫ t

0

∫
Ω

(
(ρ− ρ̄)ū− (n− n̄)v̄

)
· ∇(ϕ− ϕ̄)dxdτ

− ε

∫ t

0

∫
Ω

ρ

ρ̄
ē1 · (u− ū) +

n

n̄
ē2 · (v − v̄)dxdτ,
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which completes the proof. □

4.3. Bounds in terms of the relative energy.

Lemma 4.5. Under the conditions of Proposition 4.4,

J1(t) ≤ C

∫ t

0

Ψ(τ)dτ, t ∈ [0, T [,

for some positive constant C.

Proof. Note that for t ∈ [0, T [,

J1(t) = −ε
∫ t

0

∫
Ω

∇ū : ρ(u− ū)⊗ (u− ū) +∇v̄ : n(v − v̄)⊗ (v − v̄)dxdτ

≤ (||∇ū||∞ + ||∇v̄||∞)

∫ t

0

∫
Ω

ερ|u− ū|2 + εn|v − v̄|2dxdτ

≤ C

∫ t

0

Ψ(τ)dτ.

□

Lemma 4.6. Under the conditions of Proposition 4.4,

J2(t) ≤ C

∫ t

0

Ψ(τ)dτ, t ∈ [0, T [,

for some positive constant C.

Proof. From conditions (3.2) and (2.1) it follows that

pi(r|r̄) = (r − r̄)2
∫ 1

0

∫ τ

0

p′′i
(
sr + (1− s)r̄

)
dsdτ

≤ (r − r̄)2k̂i

∫ 1

0

∫ τ

0

h′′i
(
sr + (1− s)r̄

)
dsdτ

≤ k̂ihi(r|r̄).

Thus, for t ∈ [0, T [,

J2(t) = −
∫ t

0

∫
Ω

(∇ · ū)p1(ρ|ρ̄) + (∇ · v̄)p2(n|n̄)dxdτ

≤ (||∇ · ū||∞ + ||∇ · v̄||∞)(k̂1 + k̂2)

∫ t

0

∫
Ω

h1(ρ|ρ̄) + h2(n|n̄)dxdτ

≤ C

∫ t

0

Ψ(τ)dτ.

□

Lemma 4.7. Under the conditions of Proposition 4.4 and for γ1, γ2 ≥ 2− 1
d ,

J3(t) ≤ C

∫ t

0

Ψ(τ)dτ, t ∈ [0, T [,

for some positive constant C.
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Proof. Let γ = min{γ1, γ2}. The proof is divided into two cases: γ ≥ 2 and γ ∈ [2− 1
d , 2[.

Case γ ≥ 2 : Using inequality ab ≤ 1
2a

2 + 1
2b

2 and Lemma 4.3, one derives

J3(t) =

∫ t

0

∫
Ω

(
(ρ− ρ̄)ū− (n− n̄)v̄

)
· ∇(ϕ− ϕ̄)dxdτ

≤ (||ū||∞ + ||v̄||∞)

∫ t

0

∫
Ω

|ρ− ρ̄||∇(ϕ− ϕ̄)|+ |n− n̄||∇(ϕ− ϕ̄)|dxdτ

≤ C

∫ t

0

∫
Ω

(
|ρ− ρ̄|2 + |n− n̄|2 + |∇(ϕ− ϕ̄)|2

)
dxdτ

≤ C

∫ t

0

∫
Ω

h1(ρ|ρ̄) + h2(n|n̄) + |∇(ϕ− ϕ̄)|2dxdτ

≤ C

∫ t

0

Ψ(τ)dτ, t ∈ [0, T [.

Case γ ∈ [2− 1
d , 2[ : Fix t ∈ [0, T [ and let q = 2

3−γ , q
′ = q

q−1 , and p =
2d

d(γ−1)+2 , so that q′ = dp
d−p .

Since γ ∈ [2− 1
d , 2[, then 1 < p ≤ q < γ < 2. Set J(t) :=

∫
Ω

(
(ρ− ρ̄)ū− (n− n̄)v̄

)
· ∇(ϕ− ϕ̄)dx and

note that

J(t) ≤
∣∣∣ ∫

Ω

(
(ρ− ρ̄)ū− (n− n̄)v̄

)
· ∇(ϕ− ϕ̄)dx

∣∣∣
≤ (||ū||∞ + ||v̄||∞)

∫
Ω

(|ρ− ρ̄|+ |n− n̄|)|∇(ϕ− ϕ̄)|dx

≤ C
(∫

Ω

(|ρ− ρ̄|+ |n− n̄|)qdx
) 1

q
(∫

Ω

|∇(ϕ− ϕ̄)|q
′
dx
) 1

q′
.

(4.19)

Consider the Neumann problem−∆(ϕ− ϕ̄) = ρ− n− ρ̄+ n̄ in Ω

∂
∂ν (ϕ− ϕ̄) = 0 on ∂Ω.

Let f = ρ−n− ρ̄+ n̄ and φ = ∇(ϕ− ϕ̄). Then f ∈ Lγ(Ω) ⊆ Lp(Ω) and φ = ∇xN ∗ f. Define f̃ by

f̃ =

f, in Ω

0, in Rd \ Ω.

Clearly f̃ ∈ Lp(Rd), and from the properties of the Neumann function one deduces that

|φ(x)| ≤ CI1(|f̃ |)(x), x ∈ Ω.

Thus, Proposition 4.1 with α = 1 and p = 2d
d(γ−1)+2 implies that

(∫
Ω

|∇(ϕ− ϕ̄)|q
′
dx
) 1

q′
= ||φ||

L
dp

d−p (Ω)
≤ C||I1(|f̃ |)||

L
dp

d−p (Ω)
≤ C||f ||Lp(Ω). (4.20)

Furthermore, choosing r > 0 so that 1
r = 1

p − 1
q it yields

||f ||Lp(Ω) ≤ |Ω| 1r ||f ||Lq(Ω).
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Combining (4.19) and (4.20) gives

J(t) ≤ C
(∫

Ω

(|ρ− ρ̄|+ |n− n̄|)qdx
) 1

q
(∫

Ω

(|ρ− ρ̄− n+ n̄|)qdx
) 1

q

.

≤ C
(∫

Ω

(|ρ− ρ̄|+ |n− n̄|)qdx
) 2

q

≤ C
(∫

Ω

|ρ− ρ̄|qdx
) 2

q

+ C
(∫

Ω

|n− n̄|qdx
) 2

q

.

(4.21)

Our next goal is to show (∫
Ω

|ρ− ρ̄|qdx
) 2

q ≤ C

∫
Ω

h1(ρ|ρ̄)dx. (4.22)

To this end, we split the domain into B(t) = {x ∈ Ω | 0 ≤ ρ ≤ R} and U(t) = {x ∈ Ω | ρ > R},

where R > M1 + 1 is as in Lemma 4.3. First observe that(∫
Ω

|ρ− ρ̄|qdx
) 2

q ≤ C
(∫

B(t)

|ρ− ρ̄|qdx
) 2

q

+ C
(∫

U(t)

|ρ− ρ̄|qdx
) 2

q

.

Since q < 2, the inclusion L2(Ω) ⊆ Lq(Ω) holds, and together with Lemma 4.3 implies(∫
B(t)

|ρ− ρ̄|qdx
) 2

q ≤ C

∫
B(t)

|ρ− ρ̄|2dx ≤ C

∫
Ω

h1(ρ|ρ̄)dx.

Moreover, since 1
q = θ

γ + (1− θ) with 2θ = γ one has(∫
U(t)

|ρ− ρ̄|qdx
) 2

q

=
(∫

U(t)

|ρ− ρ̄|(1−θ)q|ρ− ρ̄|θqdx
) 2

q

≤

((∫
U(t)

|ρ− ρ̄|dx
)(1−θ)q(∫

U(t)

|ρ− ρ̄|γdx
) θq

γ

) 2
q

≤ (M + M̄)2−γ

∫
U(t)

|ρ− ρ̄|γdx.

If γ = γ1, then ∫
U(t)

|ρ− ρ̄|γdx ≤ C

∫
Ω

h1(ρ|ρ̄)dx

immediately follows from Lemma 4.3.

If γ = γ2, then γ ≤ γ1, and since |ρ− ρ̄| > 1 in U(t), again by Lemma 4.3 one obtains∫
U(t)

|ρ− ρ̄|γdx ≤
∫
U(t)

|ρ− ρ̄|γ1dx ≤ C

∫
Ω

h1(ρ|ρ̄)dx.

Consequently, we obtain (4.22) as projected.

In a similar fashion, it holds(∫
Ω

|n− n̄|qdx
) 2

q ≤ C

∫
Ω

h2(n|n̄)dx. (4.23)

Then (4.21) in conjunction with (4.22), (4.23) gives

J(t) ≤ C

∫
Ω

h1(ρ|ρ̄) + h2(n|n̄)dx ≤ CΨ(t),

wherefrom

J3(t) =

∫ t

0

J(τ)dτ ≤ C

∫ t

0

Ψ(τ)dτ,

which completes the proof. □
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Lemma 4.8. Under the conditions of Proposition 4.4,

J4(t) ≤
1

2

∫ t

0

∫
Ω

ρ|u− ū|2 + n|v − v̄|2dxdτ + Cε2t, t ∈ [0, T [,

for some positive constant C.

Proof. The boundedness of ē1 and ē2, the conservation of mass and (H) imply, for t ∈ [0, T [, that

J4(t) = −ε
∫ t

0

∫
Ω

ρ

ρ̄
ē1 · (u− ū) +

n

n̄
ē2 · (v − v̄)dxdτ

≤ 1

2

∫ t

0

∫
Ω

ρ|u− ū|2 + n|v − v̄|2dxdτ + ε2

2

∫ t

0

∫
Ω

ρ

∣∣∣∣ ē1ρ̄
∣∣∣∣2 + n

∣∣∣∣ ē2n̄
∣∣∣∣2dxdτ

≤ 1

2

∫ t

0

∫
Ω

ρ|u− ū|2 + n|v − v̄|2dxdτ + Cε2t

for some positive constant C. □

Combining (4.2) with the bounds in Lemmas 4.5-4.8 gives

Ψ(t) +
1

2

∫ t

0

∫
Ω

ρ|u− ū|2 + n|v − v̄|2dxdτ ≤ Ψ(0) + C

∫ t

0

Ψ(τ)dτ + Cε2t, t ∈ [0, T [. (4.24)

Theorem 3.3 follows by the Gronwall inequality. The constant C depends on d, Ω, γ1, γ2, k1, k2,

k̂1, k̂2, M , M̄ , δ1, δ2, M1, M2, ||ū||∞, ||v̄||∞, ||∇ū||∞, ||∇v̄||∞, ||ē1||∞ and ||ē2||∞.

Appendix

This section provides a formal derivation of system (2.5) from the bipolar Boltzmann-Poisson

model with friction terms adapted from [17].

Consider the system 
∂f
∂t + w · ∇f −∇ϕ · ∇wf = ∇w ·

(
1
τwf

)
∂g
∂t + w · ∇g +∇ϕ · ∇wg = ∇w ·

(
1
τwg

)
−∆ϕ =

∫
fdw −

∫
gdw

(A.1)

in the phase space-time ]0,+∞[ × Rd × Rd, where w ∈ Rd is called the pseudo-wave vector, and

∇w is the gradient operator with respect to w. One can visualize the functions f = f(t, x, w) and

g = g(t, x, w) as distribution functions of sets of electrons and holes, respectively. It is assumed

that f and g satisfy

lim
|w|→+∞

f(t, x, w) = lim
|w|→+∞

g(t, x, w) = 0. (A.2)

Moreover, ϕ = ϕ(t, x) is the electrostatic potential of the system and 1/τ > 0 is the effective

collision frequency.

Set

ρ =

∫
fdw, u =

1

ρ

∫
wfdw,

and

n =

∫
gdw, v =

1

n

∫
wgdw.

Integrating the first equation of (A.1) with respect to the variable w gives

∂

∂t

∫
fdw +∇ ·

∫
wfdw = ∇ϕ ·

∫
∇wfdw +

∫
∇w ·

(1
τ
wf
)
dw,
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whence, using (A.2),

ρt +∇ · (ρu) = 0. (A.3)

Similarly one obtains

nt +∇ · (nv) = 0. (A.4)

Next, the momentum equations are deduced. Multiplying the first equation of (A.1) by wj and

integrating with respect to w yields

∂

∂t

∫
wjfdw +

d∑
i=1

∂

∂xi

(∫
wjwifdw

)
= ∇ϕ ·

∫
wj∇wfdw +

∫
wj∇w ·

(1
τ
wf
)
dw. (A.5)

Setting

zij =
1

ρ

∫
wjwifdw,

one can rewrite (A.5) as

(ρuj)t +

d∑
i=1

∂

∂xi

(
ρzij

)
= −ρ ∂ϕ

∂xj
− 1

τ
ρuj . (A.6)

Defining σij = zij − uiuj , after subtracting equation

uj

(
ρt +

d∑
i=1

∂

∂xi

(
ρui
))

= 0

from equation (A.6), one obtains

ρ
∂uj
∂t

+ ρu · ∇uj +
d∑

i=1

∂

∂xi

(
ρσij

)
= −ρ ∂ϕ

∂xj
− 1

τ
ρuj . (A.7)

Assume that ρσij is a stress tensor that represents a pressure. Precisely, ρσij = δijp1(ρ) where

p1 is a function that symbolizes the pressure. Thus,

d∑
i=1

∂

∂xi

(
ρσij

)
=

∂

∂xj

(
p1(ρ)

)
and the vector form of (A.7) can be written as

(ρu)t +∇ · (ρu⊗ u) +∇p1(ρ) = −ρ∇ϕ− 1

τ
ρu. (A.8)

Analogously,

(nv)t +∇ · (nv ⊗ v) +∇p2(n) = n∇ϕ− 1

τ
nv, (A.9)

where again p2 represents a pressure.

The third equation of (A.1) together with equations (A.3), (A.4), (A.8) and (A.9) give system

(2.5).

Acknowledgments

The authors wish to express their graditude to the anonymous referee for the suggestions that

undoubtedly helped to improve the quality of the manuscript. The first author would also like to

thank Rogerio Jorge and Xiaokai Huo for helpful discussions.



HIGH-FRICTION LIMIT TO BIPOLAR DRIFT-DIFFUSION 25

References

[1] M. Bessemoulin-Chatard, C. Chainais-Hillairet and A. Jüngel, Uniform L∞ estimates for approximate solutions
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