THE RELAXATION LIMIT OF BIPOLAR FLUID MODELS

NuNO J. ALVES & ATHANASIOS E. TZAVARAS

ABSTRACT. This work establishes the relaxation limit from the bipolar Euler-Poisson system to
the bipolar drift-diffusion system, for data so that the latter has a smooth solution. A relative
energy identity is developed for the bipolar fluid models, and it is used to show that a dissipative
weak solution of the bipolar Euler-Poisson system converges in the high-friction regime to a

strong and bounded away from vacuum solution of the bipolar drift-diffusion system.

1. INTRODUCTION

This article studies the emergence of the bipolar drift-diffusion system

o0&
pt =V - (PV(T)
ng = V- (nV%) (1.1)
_A(b =p—n
e 6o 0
pvg v = nv% V== 0, on [0,T[x00Q

as the relaxation limit of the bipolar Euler-Poisson system:

pt +V-(pu)=0
1 _d6& 1

(pu) + V- (pu®@u) = _gpv% ~—pu

ne+ V- () =0 (1.2)
1 6 1

(n0)e +V - (v ®v) = ——nVe — —nv

—Ap=p—n

U-vV=u V—%:Q’ on [O,T[Xaﬂ

T v

in the space-time domain |0, T[x {2, where T' > 0 is a fixed time horizon and €2 is a smooth bounded
domain of R? with smooth boundary 99, where d € N\ {1,2}. The systems are expressed using

the formalism of Euler flows in [8], based on the functional

E(p.n) = / ha(p) + ha(n) + L[V |2da, (1.3)

—A¢p=p—n. (1.4)
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There is a coupling of the two densities via the Poisson equation (|1.4)), and %, g—fl stand for the
functional derivatives of (1.3])) which are given by

o) =)+ 0. o) = ()~ (1.5

The models and (subject to -) describe two charged fluid systems interacting
through an electrostatic potential, and are basic models for applications in semiconductor devices
or plasma physics, [10,[19],[4, Chapter 3, Subsection 3.3.7]. Our objective is to describe the relation
between the two models, thus extending the framework of convergence developed in [15] for a single
fluid system. The technical tool for the comparison is a relative energy identity for the bipolar
fluid models considered here. The functions hq, ho represent the internal energies of the fluids,
and the electrostatic potential ¢ is obtained from the fluid densities p,n via the elliptic equation

—A¢ = p — n. The solution of the Poisson equation is expressed as

o(t,2) = (N % (p— ) (t, ) = /Q Nz 9)(plt, 9) — n(t, ) dy,

and its spatial gradient is understood as

Vo(t,z) = (Vo * (p —n))(t,2) = /QVxN(:v,y) (p(t.y) — n(t,y))dy,

where N is the Neumann function [I2]. Using the symmetry of N, one derives the formulas (1.5
for the functional derivatives %, %. Introducing to leads to , where p1,ps are
the pressures connected to the internal energies via the usual thermodynamic formulas . The
formal relaxation limit of is the system ; establishing this limit is the objective of the
present work.

Relaxation problems arise in physics and chemistry, and from a mathematical viewpoint they
have been analysed in several contexts. Compensated compactness methods have been used to
perform the relaxation limit of single-species hydrodynamic models towards a drift-diffusion equa-
tion in one and three spatial dimensions [18| [14]. We refer to [20] for an interesting analysis leading
to existence of weak solutions for the bipolar Euler-Poisson system in one spatial dimension.

The relative energy method is used here to perform this limiting process for strong solutions of
(1.1) in several space dimensions. This approach was successful for the relaxation limit in single-
species fluid models [15] 3], as well as for certain (weakly coupled through friction) multicomponent
systems [9]. The relative energy method provides an efficient mathematical mechanism for stability
analysis and establishing limiting processes; see [5] for early developments, [2] 15, [16] and references
therein for applications to diffusive relaxation. Here, the bipolar fluid models are considered in
a bounded domain, which is closer to the actual physical situation and requires handling the
boundary conditions. No-flux boundary conditions are applied to the velocities for , to the
fluxes for , and to the electric field for both systems.

In order to compare a solution of with a solution of , one calculates the evolution
of a relative energy functional; the formal calculation is presented in subsection [2.3] The main

convergence result is stated in section |3] and the convergence analysis is carried out in section
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This comparison is effected between a dissipative weak solution of and a classical and
bounded away from vacuum solution of ; the precise hypotheses are stated in section |3 The
solution of is regarded as an approximate solution of and the relative energy identity in
the relevant regularity class is done in Proposition [£:4] The technical part amounts to bound the
error terms in the relative energy identity. The term requiring attention is the one associated with
the electric field. Due to the antisymmetry of the electric charges and the fact that the velocities of
the fluids are distinct, one cannot reproduce the argument of [15] to simplify this electric field term.
The desired bound is reached using results on Riesz potentials [22] and Neumann functions [12]. A
Gronwall inequality then yields the relaxation convergence as a stability result. The latter is the
main result of this work, Theorem and shows that if a strong solution of is bounded away
from vacuum and the initial data converge at the initial time then this convergence is preserved

for all times ¢ € [0, T7.

2. BIPOLAR FLUID MODELS

The systems of equations considered in this article describe the dynamics of fluids formed by
charged particles. Such models are common in semiconductor devices (electrons and holes), or
in modeling of plasmas, and play a significant role in various technological contexts related to
semiconductors or plasma physics. Both systems can be derived from the semi-classical bipolar
Boltzmann model [10].

We introduce the monotone increasing pressure functions py,ps € C2(]0,+o0[) N C([0, +ool)
which satisfy p(r) > 0 for » > 0 and ¢ = 1,2, and are connected to the internal energy functions

hi,he € C3(]0, +o0[) N C([0, +oc[) through the thermodynamic consistency relations
rhi(r) = pi(r),  rhi(r) = pi(r) + hi(r), (2.1)

for r > 0 and ¢ = 1, 2. Observe that b} (r) > 0 for r > 0 and i = 1, 2 corresponds to the monotonicity

of the pressures.

2.1. Bipolar drift-diffusion. For the energy (|1.3)-(1.4)), system (1.1]) is composed by two drift-

diffusion equations for the densities, coupled with a Poisson equation for the electrostatic potential:

pt =V - (Vpl(P) + PV¢)
ng =V - (Vpa(n) — nVe) (2.2)
—A¢p=p—n.

No-flux boundary conditions are considered for the fluxes and for the gradient of the electrostatic

potential, that is,

(Vpi(p) + pV@) - v = (Vpa(n) —nVe)-v = % =0 on [0,T[x09, ” ¢ dx=0. (2.3)

The condition fé)Q ¢ dxr = 0 is a normalization condition serving to fix the constant in the

electrostatic potential determined by the Poisson equation with Neumann boundary conditions
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(see the properties of the Neumann function in subsection [4.1)). System (2.2)) is provided with

non-negative initial data (pg,fig) that satisfy

Q Q

From the structure of the first two equations of system one observes that condition is
formally preserved for all ¢ € [0, T7.

Drift-diffusion equations are commonly used to model semiconductor devices [19], and existence
theories under various boundary conditions applicable to the semiconductor setting can be found in
[7, [I1]. Drift-diffusion equations incorporate a gradient flow structure induced by the Wasserstein
distance [21], and its role in the bipolar drift-diffusion model is studied in [I3]. In the one-
dimensional case, [20] presents a theory of weak solutions to a bipolar drift-diffusion system as the
limit of a scaled sequence of entropy weak solutions of a bipolar Euler-Poisson system, while [6]

studies the long-time asymptotics.

2.2. Bipolar Euler-Poisson. The bipolar Euler-Poisson system describes the motion of
two-species charged isentropic fluids subjected to an electric field. The system is formed by a pair
of continuity equations for the densities, two momentum equations with friction, and a coupling
Poisson equation for the electric field. The friction term is responsible for a damping force that
gives rise to energy dissipation.

For a theory of existence of weak solutions to a bipolar Euler-Poisson system in the one-
dimensional case, refer to [20]. There, compensated compactness is used to establish the existence
of weak entropy solutions as the limit of a numerical approximation based on a modified fractional
step Lax-Friedrich scheme. There it is also proved that these solutions satisfy L> and L? bounds.

Regarding the structure of the momenum equations of system , observe that the fric-
tional coefficient 1/e also multiplies the internal energy and electric field terms. From the bipolar
Boltzmann-Poisson model with a Lenard-Bernstein collision operator [10, [I7, [19], one formally

derives the following system (see appendix for details)

pt+ V- (pu)=0
(pu)e + V- (pu@u) + Vpi(p) = —pV — Lpu

ng+V-(nv)=0 (2.5)
(nv), + V - (nv ® v) + Vpa(n) = nVeé — tnv
_A¢ =p—-n,

where p and n represent the densities of the fluids, pu and nv represent the momentums, ¢ stands
for the electrostatic potential, and 7 is the collision time. The formal limit of this system as
7 — 0 is trivial in the hyperbolic scale. In the assumed Eulerian frame of reference, the collision
time is usually much smaller than the observational time. For this reason one considers the time

scaling 0/0t — 70/9t (the so-called diffusion scaling), so that the observational time is measured
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in multiple units of the collision time. A change of scale is also applied to the velocities v’ = —,
T

v
v/ = —. After dropping the primes (v’ — u, v — v) and setting e = 7
T

2 one obtains the system

(pu)e + V- (pu@u) + L1Vpi(p) = —LpVe — Lpu

met V() =0 (2.6)
()t + V- (nv @ v) + Vpa(n) = tnVe — tnv
_A¢ =p—n,

which is system thanks to and . The collision time squared 72 = ¢ is called the
momentum relaxation time of system . The limit of system as € — 0 is called the
relaxation, overdamped or high-friction limit.

System is prescribed with no-flux boundary conditions for the velocities and for the electric

field. Precisely, the boundary conditions are

u~1/:v~1/:%:0 on [0, T[x09, ¢ dr =0, (2.7)

61/ a0

where v is an outer normal vector to J€2. Under this setting the fluids do not exit the set 2 and
the system is electrically insulated.

For the initial datum (pg, uo, 1o, vo), we assume that pg, ng are non-negative and satisfy

/po dm:/no dex = M < 400, (2.8)
Q Q

while ug, vg satisfy the no-flux condition at the boundary. The continuity equations together with

(2.7) imply that condition ([2.8]) is preserved for all times ¢ € [0, T7.

2.3. Relative energy identity for the bipolar fluid system. In this section, a relative energy
identity for solutions of is derived. This identity, expression , is produced by an exact
formal calculation using the abstract formalism presented in [8]. Then, in Proposition we
outline an argument producing the relative energy calculation between a weak dissipative solution
of and a strong and bounded away from vacuum solution of .

The potential energy functional that generates the bipolar fluid system is
&= = [ m(p) +halw) + VP da
Q
= [ 1)+ o) + 3o =) (N (p = )

Using (2.1]) one can readily see

PV pm) = V- Si(p) = V(N ¢ (p = ), (2.9)
—nV%(p, n) =V -S(n)+nV(N *(p—n)), (2.10)

where S1(p) = —p1(p)I, S2(n) = —pa(n)I are the pressure stresses.
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To develop the relative energy identity for (2.6)), some preliminary formulas are needed. Let ¢
be a vector valued test function, and write the weak forms of the identities and (| -

<%(p,n),v-(pso)> = f/Qsl(p) : Ve d:v+/9 (N (p—n))V - (pp)da, (2.11)
<%(07 n), V- (ng)) = — /Q So(n) : Vi dx — /Q (N*(p—n))V - (ng)de. (2.12)

Taking the directional derivative of (2.11)) in the direction p and of (2.12)) in the direction n we

respectively obtain

<<(§2p§(p,n), (v<p¢>,w)>>+<§<ﬂ,”>’v'<W>>
/ 651 Vo dx+/Q(N*¢)V-(pw)dfC (2.13)
n Q (N % (p—n))V - (p)da
<<g%§(p,n), (V-(nw%@ﬁﬂ%mn)’v'(W)>

—/Q(pr—n»vwso)dx

where 1) is a scalar test function. Finally, we need a formula for the mixed functional derivatives

of £, which, for scalar valued test functions «, 3, takes the form:

<<£,Ti(/’v”)’ (. 8))) = <<5i§p(p,n), (,8))) = —/Q<N*/3)a da. (2.15)

Next, define the relative functional associated with £, given by the quadratic part of the Taylor
series expansion of £. Given density pairs (p,n), (p,n), with ¢ = N *(p—n), ¢ = N % (p—n), the
relative potential energy functional is defined by

E(p,nlp,n) =E(p,n) —E(p,n) — (—

5p(p’ﬁ)?p_ﬁ> - <%(ﬁ7ﬁ)’n_ﬁ>

A straightforward computation gives
(i) = | ma(plp) + ha(nl) + H9(0 = &) da.

where h(r|F) = h(r) — h(F) — W (F)(r — 7).
Now let (p, pu,n,nv), (p,pu,n,nv), with ¢ = N * (p —n), ¢ = N % (p — ), be two smooth

solutions of ([2.6]). Using the continuity equations one derives
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%g(p,’lﬂﬁ, ﬁ) = %(8(:0’ Tl) - g(ﬁv ’ﬁ‘) - <%(ﬁv ’ﬁ,),p - ﬁ> - <%(ﬁ7 ’ﬁ‘)’n - ’ﬁ‘>)

o0& 08 - 5E B
= <_<5p(pv n)? V- (pu)> + <§7p(p7 n)’ V- (pu)> + <%(p, ’I”L), A\ (p(u — u))>

HUEEG. (TG0 + (.5 (0 P)
(), (9 )= ) )
- (5o = 5 (2T - =)
4 (G, V) + (G e, T () + (5o, V- (e =) (219
(SR, ()0 =) + (). V- (- )
Hme (), (V- (a0). = 5))))
(o)~ L)V - (nlo - 0))
= L= (5 (pum) = 5 (20, T - plu — )

o = (3o o) = (07, V- (v — )

where I,,, and I, are the terms in parentheses, respectively.
To compute I,,,, one applies formula ([2.11)) to its first three terms, formula (2.13) with ) = p—p,
¢ = 4 to its fourth and fifth terms, and formula (2.15) with a = V - (p@), 8 = n — 7 to its last

term to obtain

= [ (8106 = $1(9) = (G- 0hp = 7)) s Va do

- /Q (Nx(p—n—p+0))V-((p—p)u)dz (2.17)

— [ Sitolp): Vado+ [ (o= ppu- V(- d)is.
Q Q

In a similar fashion, using formulas (2.12)), (2.14)), (2.15) one derives

Loy = / So(nlf) : Vo dx — / (n— )5 - V(6 — 3)da. (2.18)
Q Q
Substituting ([2.17)) and (2.18]) into (2.16]) it yields
d
%S(p,n\ﬁ, i) :/ Si(p|p) : Va + Sa(njn) : Vo dx
Q

+ / ((p— P — (n— m)D) - V(6 — B)da

o . (2.19)
_ <%( n) — Tp(ﬁ,’),V' (p(u—a)))
0 o0&

To reach identity (2.19) one has only used the continuity equations and the structure of the

potential energy functional £. In order to exploit the structure of the momentum equations, we
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consider the kinetic energy functional IC for the bipolar fluid system,
_ 1 2,1 2
Ko pumne) = [ $piuf + dnfofda,

and compute the relative kinetic energy

K(p, pu,n,nv|p, pu, n, nv)

where (p, pu,n,nv), (p, pu,n,nv) are two pairs of densities and momenta.
Let (p, pu,n,nv), (p, pi,n,nv), with ¢ = N *(p—n), ¢ = N*(p—n), be two solutions of (2.6).
Consider the momentum equation satisfied by the difference u — 4,

e(u— ) +e(u-V)(u— i) +e((u—1) V)i = fV((;—i(p, n) — %(p, ﬁ)) — (u— a).

Taking the inner product with p(u — @) and using the continuity equation gives
(e3plu—ul?), + V- (3plu — al*uv) + Vi : p(u — @) ® (u— )

==V (50 = 5 () - ol — ) = phu

Sp
Analogously,

(e3nlv — 1‘1\2)t +eV-(3njv — 9°v) + eV n(v —0) ® (v — 1)

= V(o) — ) - (nfo 7)) — o — o

Adding the previous expressions and integrating over space renders the evolution of the relative

kinetic energy

5%p\ufﬂ|2+5%n|v76|2dx+/p|ufﬂ\2+n|vf17|2dx
Q

dt Jo
=—5/ Va:plu—a)@((u—1u)+Vi:nv—7)& (v—70)dr
53 s& (2.20)
0& 60, ~
+ <%(pa TL) - %(pv TL),V : (n(v - ’U))>
The relative energy identity is then obtained by adding (2.19) with (2.20]):
d
(E(p, n|p,n) + 6/ 1plu—al* + infv — 17|2dx> +/ plu — al* +njv — v|*dx
:—5/Vﬂ:p(u—ﬂ)@(u—ﬁ)—i—Vﬁ:n(v—ﬁ)@(v—ﬁ)dw
@ (2.21)

+/ S1(p|p) : Va+ Sz(nln) : Vo dx
Q

+ [ (== w=m3) - V(- )i
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3. STATEMENT OF THE MAIN RESULT

The main objective of this work is to compare a dissipative weak solution (p, pu, n,nv), with
¢ = N * (p — n), of the bipolar Euler-Poisson system with a strong and bounded away from
vacuum solution (p,7), ¢ = N % (5 — i), of the bipolar drift-diffusion system . As precised in
subsection the limit € — 0 corresponds to the overdamping limit for the bipolar Euler-Poisson
system. The plan of the section is to first precise the notions of solutions utilized in this work,
then describe the methodology of comparison via the relative energy, and finally state the main
result.

The internal energy functions hi, hy and the pressure functions pi,ps are assumed to satisfy,

apart from ([2.1]), the limiting behaviors

im MO _ ki (3.1)
r—4oo Yi vi—1
and
- pi(r)
Ipi (r)] < k; Zr , >0, (3.2)

for some exponents 1,72 > 1 and for some positive constants k;, lAci, 1t = 1,2. The prototypical

examples satisfying these conditions are

p(r) =kr?, h(r)= 7,
where v > 1 and k£ > 0.
First we describe the assumptions on the solution of the bipolar Euler-Poisson system .
Definition 3.1. The vector function (p, pu,n,nv) with p,n > 0 and regularity
peC([0,T[ LM (Q)), n e C([0,T[; L™(Q)),
pu, nv € C([O,T[; (Ll(Q))d)a
plul®, n|v|* € L*(]0, T[x%)),
together with ¢ = N x (p — n) satisfying
oV, nVe¢ € L' (]0,T[xN)
is a weak solution of provided that:
(i) (p, pu,n,nv) satisfies in the weak sense

T T
—/ / orp dxdt — / / Vo - (pu)dzdt — / cpp|t=0dx =0, (3.3)
o Ja o Ja Q

T T
—5/ &t - (pu)dadt — 5/ / V@ : pu®u drdt
0o Ja 0o Ja

T
- [ [ moade—< [ & (o) _yta (3.4)

-/ ' | & wvoasa— | ' | &+ (o,
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—/OT/Q%TL dmdt_/OT/va-(nv)dmdt—/ﬂwn]t_odxz& (3.5)

—E/T/@t-(nv)dxdt—g/T/Vzﬁ:nv@vdmdt
/ / pg dmdt—5/¢ nv |t 0 (3.6)
:/0 /qu-(nvqs)dxdt—/o /Qqﬁ-(m)dxdt,

for all Lipschitz test functions ¢, v : [0,T[xQ — R, @, : [0,T[xQ — R? compactly sup-
ported in time and satisfying ¢ - v = ¢ - v = 0 on [0, T[xd, where v is any outer normal
vector to the boundary;

(ii) (p, pu,n,nv) is equipped with the bounds:

/,0d3(;=/nd9u‘=M<—|—oo7 Vit e [0,T7, (3.7)
Q Q

[sup[/ edplul® + ednfv> + hi(p) + ha(n) + 1| Vé|*dz < +ooc. (3.8)
0,71/

Solutions of (2.6 clearly depend on ¢, that is (p, pu,n, nv) = (pe, petie, e, N ); this dependence is
suppressed for simplicity. Property (3.7)) represents the conservation of mass for p and n, whereas

(13.8) asserts that the total energy is finite.

Definition 3.2. A weak solution (p, pu,n,nv), ¢ = N x (p — n), of (2.6)) is called dissipative if
plul?, n|v|?, |V|* € C([0,T[; L' (), and it satisfies

T
—/0 /Q (eplul® + e3nfv® + hi(p) + ha(n) + 3|V|?)0(t)dwdt
T
2 H0(t)dxd (3.9)
+/0 /Q(plu\ +n|v[?)0(t)dadt

< [ (Eholul? + 3nlof + ha() + halr) + $V6P) |,_yf(0)da

for any non-negative § € W1°°([0,T'[) with compact support.

Next, we turn to solutions (p,n), with ¢ = N * (p — ), of the bipolar drift-diffusion system.
These are assumed to be classical solutions of (2.2]) which satisfy the boundary conditions (2.3)),

and emanate from initial data satisfying the bounds
/ po dx = / no dz = M < +o0, (3.10)
Q Q
/th(ﬁo) + ha(no) + 2|V |*dz < 400, (3.11)
where ¢g = N * (po — 7ig). Setting

u=-V(h(p)+9), v=-V(hyn)-9), (3.12)
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after multiplying the previous expressions by pu and 7nv, respectively, and integrating over space

one obtains the energy identity for system (2.2)):

d _
@/ hi(p) + ho(R) + |Vo|*da = —/ plal* + n|v|?dx. (3.13)
Q Q

Due to (3.13)), condition (3.11)) is preserved for all times ¢ € [0, T[. Expressing the energy identity
(3.13) in a weak form, one has that a strong solution of (2.2)) satisfies

T B . T
—/ /(hl(ﬁ)+h2(ﬁ)+%\v¢\2)9(t)dxdt+/ /(ﬁ|ﬂ|2+ﬁ|17|2)9(t)dmdt
0 Q 0 Q (314)

= [ () + () + 199P)|_y0(0)d,
for all § € W1°°([0, T[) with compact support.

Moreover, (p, 1) is assumed to be bounded away from vacuum:

(H) There exist 61,02 > 0 and M7, My < +o0o such that
plt,x) € [01, My], 7t ,x) € [62, Ma] for (t,x) € [0, T[xS.

In order to compare (p, pu,n,nv, ) with (p,n, ) we proceed along the lines of [I6] and view
(p, 7, @) as an approximate solution of . This is accomplished by setting (@, v) via . We
refer to the resulting (p, pu,n, iv) as a strong and bounded away from vacuum solution of .
The regularity “strong” refers to the boundedness of all of its derivatives that will appear later.
Precisely, one requires that the derivatives

ap on Pp P 9 0%p 0%n %0
ot’ ot’ dx;0t’ Ox;0t’ Ox;0t’ Ox;0x;  Ow;0x;’ 0Ox;0x;
are in L*([0,T[xQ) for all 4,5 =1,...,d.

One easily checks that

and
pu-v="nv-v=0on [0,T[x0Q (3.15)

for v an outer normal vector to d). Then setting

(pu)e +V - (pu@ @) = —2pV(hi(p) + ¢) — 1Pl + &

n+ V- (hv) = (3.16)
(A0); + V - (10 ® ) = —1aV(hh(n) — ¢) — 170 + &
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where
é1,6 € (L]0, T[x0))".

The two solutions (p, pu,n,nv) and (p, pu,n,nv), with ¢ = N x (p —n), ¢ = N * (p — n) are
then compared by means of the relative energy ¥ : [0, T[— R for (2.6) given by

U(t) = /Qeép\u —a* + e3njv — 0* + hi(p|p) + ho(n|n) + 3|V (¢ — ¢)|*dx.
We prove:

Theorem 3.3. Let (p, pu,n,nv), with ¢ = N x(p—n), be a dissipative weak solution of @ with
1,72 = 2 — %, and let (p, pu,n,nv), with ¢ = N = (p — @), be a strong and bounded away from
vacuum solution of (2.2)). There exists C' > 0 such that fort € [0,T] the relative energy U between

these two solutions satisfies the stability estimate

W(t) < e“T((0) +&?).

Therefore if ¥(0) — 0 as e — 0, then U(t) = 0 as e — 0 for every t € [0,T].

4. CONVERGENCE IN THE RELAXATION LIMIT

This section contains the proof of Theorem We start with some auxilliary results on the
behavior of the Neumann function and Riesz potentials, then continue with the derivation of the
relative energy identity within the regularity class detailed in section [3| and conclude with the

proof of the stability estimate.

4.1. Auxiliary results. Regarding the Neumann function N € C®(Q x Q \ {(z,z) |
x € Q}), the relevant properties that will be used are [I2, Chapter 1, Section 6]:

(i) N(z,y) = N(y, ),

C
(ll) N(x’y) — Ix _ y‘d_27
(111) VIN(x7 y) — |£L’ _ y|d71 I

(iv) If f € H'(Q)* nWhP(Q)*, for p < d/(d — 1), satisfies [, f dz = 0, then § = N x f is the
unique solution of

/VB-Vgodx:/fcpdx Vo € HY(Q)
Q Q

that satisfies [,  dz =0 and belongs to C*(€), with a depending only on d.

In order to deal with the electrostatic potential ¢ one needs to recall the notion of Riesz potential.

Given a function f : R? — R, the Riesz potential of f is the function I,,(f) given by

(e = [ )

—7
Ra [ —yld—e v

with 0 < @ < d. Regarding these potentials one has the following result [22, Chapter V, Section 1]:
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Proposition 4.1. Let 0 < a < d and 1 < p < d/a. If f € LP(R?), then I,(f)(z) converges

absolutely for a.e. x € R? and

oDy, g < Ol lLr e,

for some positive constant C = C(a,d, p).
Combining this previous proposition with the properties of the Neumann function one has:

Proposition 4.2. Let d € N\ {1,2}, f,g € L7(), ¢ =Nxf, p=Nxg, Vo =V,.N x f, and
Vo = VN x g, where v > d2f2, Q C R? is a smooth bounded domain with smooth boundary, and

N is the Neumann function. Then, ¢, € L%(Q) Vo,V € L?(Q), and

/ng Vgpdm—/fcpdm—/gqbdx—//f )g(y)dxdy. (4.1)

Proof. First one demonstrates that ¢ € L%(Q) and V¢ € L*(Q) (so ¢ € Ld%(ﬂ) and Vyp €
L?(2) aswell). Set p = d+2 and observe that since d > 2 one has 1 < p < d/2. Let f be given by

Fa) = flx), if z € Q,

0, otherwise.

Clearly f € L'(R%) N LY(R%), and since v > p = m interpolation gives that f € LP(R%). From

the properties of the Neumann function one deduces that

o< [ V@l < ¢ [ LY

<of MO 4 cnii@), «co

R4 |17*y\d 2

Using Proposition E witha =2, p= one obtains

d+27
1011 21, g < CUEAFDI, g, o < CUEBAFDI, o,
< COllf Il e
= Cl|fllrr (-
Similarly,
IVo(z)| < CL(f])(x), € Q,
hence

1IVéllz2() < CILAfDI20) < ClIf o),

where we used Proposition witha=1,p= dQ—fQ.

To prove the second and third equalities of expression 1) one observes that p’ = dZ—fIQ, SO

AﬁMx<(Aummy(Awwdaé<+m,

then Fubini’s theorem and the symmetry of the Neumann function yield the desired conclusion.
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Next, we prove the first equality in (4.1]). For f, g € LP(2), there exist sequences (fn)nen, (gn)nen
belonging to C°(€2) such that

fo— fin LP(Q),

gn — g in LP(Q).

Let ¢, = N % f,, and ¢, = N * g, Then,

[lp — d)nHL:D’(Q) <C|f - fn”LP(Q) — 0 asn — +oo,

and
||V¢— V¢n||L2(Q) < C||f - fn”LP(Q) — 0 as n — +o0.

In other words, ¢,, — ¢ in Lp,(Q) and Vé,, — V¢ in L?(Q), and the same holds for ¢,,, ¢, Vo, V.
Thus,

| [ dupnto— [ fiods] < [ 1fulln = olda+ [ 15, - Sl
Q Q Q Q
< allzr@llen = el @y + 1 = Fllr@llellzo

— 0 asn — +oo,
and
| [ Fon-Veuds— [ Vo Vioda| < V6, = Vllae|[Vinlliocey

+IVollLz@)[I[Ven — Vol |2 (a)

— 0 as n — +o0.

Observing that f,, ¢n, @, satisfy

/ Vo, Vopdr = / frnipndx,
Q Q

after letting n — +o00 one obtains the desired identity. O

We finish this subsection with a result proved in [16, Lemma 2.4], which is used in the proof of

Lemma (4.7

Lemma 4.3. Let h € C?(]0,+o0[) N C([0, +oc[) be such that liin h(r) % for some k > 0
r—+00

and v > 1, and " (r) > 0 Vr > 0. Assume that ¥ € [0, M|, where 6 > 0 and M < +occ. Then, there
exists R > M + 1 and positive constants C1,Cy such that

Cilr — 7%, if (r,7) € [0, R] x [§, M]

h(r|7) >
02|T - T_|’ya Zf (T’, F) E]R7 +OO[X [57 M]

Furthermore, if v > 2, then h(r|r) > C|r — 7|? for every (r,7) € [0,4o0[x[5, M], where C =
min{C1, Cs}.
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4.2. Derivation of the relative energy inequality. The relative energy inequality is now de-

rived within the regularity class detailed in section

Proposition 4.4. Let (p, pu,n,nv), with ¢ = N x (p — n), be a dissipative weak solution of @
with v1,72 > d+2, and let (p, pi,n,nv), with ¢ = N * (p — n), be a strong and bounded away
from vacuum solution of . Then, for each t € [0,T], the relative energy U between these two

solutions satisfies the following relative energy inequality:

V() —¥(0) + /0 /Qp\u —a]? + njv — v]2dedr < Ji(t) + To(t) + Ts(t) + Tu(t), (4.2)

Ji(t) = —5/0 / Vi:plu—a)®(u—1u)+Vi:nlv—17)® (v—0)dedr,
)= = [ [ (V-0 (0lp) + (7 - O (nl)dadr,
/ / (p—p)a— (n—n)v) - V(¢ — ¢)dadr,
Q

z—s/ /*61 u— 1) +gé2~(v—6)da:d7'.
QP n
Proof. Fix t € [0,T], let & be such that t + k < T, and define 6 : [0,7] — R by

L,ifo<r<t
O(r)=q T +1, ift<7<t+k
0, ift+r<717<T.
Using this choice of 0 in it yields

t+k 1
/ / —(e3plul® + ednfv* + hi(p) + ha(n) + 3|V §|*)dadr

//p\u|2+n\v|2dmd7'+/ /

S/Q(€%p|u|2+5%n|v|2+h1(p)+h2(n)+%|v¢|2)|T:0dx

p|u\2 + n|v|?)dzdr

Letting x — 0™ above one deduces

/Q (eXplul? + eLnfv]? + ha(p) + ha(n) + 3|V ]) | ='d

t
—/ /p|u|2+n|v|2dxd7'.
0o Jo

Next, observe that from , after a straightforward calculation one obtains

//u eldde—/%Hdﬂc
T=t

//17-@ dxde/ %ﬁ|17|2dx’

0o Ja Q =0

Using the same choice of 6 in (3.14) together with (4.4]) gives

/Q (e3plal? + e3alo + ha(p) + ha(n) + §|VeI?) [1Z da

t t
—/ /ﬁ|ﬂ|2+ﬁ|17|2dxd7+5/ /ﬂ-él + U - & dxdr.
0 JQ 0 JQ

T=t

)

7=0

(4.5)
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Regarding the difference (p — p, pu — pi, n — i, nv — 7U) between a weak solution of (2.6) and a
strong solution of (2.2)), one has the following:

T T
[ [ etop dnde— [ [ To-tpu— pudat~ [ ol p)|,_ydz =0,
0 Q 0 Q Q

T T
—5/ &t - (pu — pu)dzdt — E/ / Vo : (pu®u— pu® u)drdt
o Ja 0o Ja

—/ (V-2)(m(p (ﬁ))dwdt—s/@'(pu—ﬁﬂ)hzodx
0

Q Q

T T
— / / (pV ¢ — pV d)dadt — / / (pu — pu)dxdt — 5/ / @ - erdadt,
o Jo 0o Ja

_/OT/th(n—n) dxdt—/OT/va-(nv—nv)dxdt—/ﬂ1/z(n—n)|t_0da::0,

E/T/J)to(m)ﬁ@)dxdts/T/Vd:(nv(@vﬁf)@@)dmdt
/ / — pa(fn ))dxdtfs/w nv — No |t 0
= /0 /QQZJ-(nVQS—ﬁV(j—))dxdt—/O /QQZJ-(nv—m‘))dwdt—s/o /Qq/?-ézdxdt,

for all Lipschitz test functions ¢, : [0, T[xQ — R, @, : [0, T[xQ — R compactly supported in
time and with ¢, ¥ satisfying the no-flux boundary condition on the boundary.

Set
(0, @, 1, ¥) = (0(—<3|al® + hi(p) + §), 0u, O(—<[v]* + hh(n) — @), D),

where 6 is as before. In view of (2.3)), this choice of (¢, @, 1, 1)) satisfies - v = ¥ -v = 0 on
[0,T[x0Q and can be used in the weak formulation. Using that choice and letting x — 0T one

obtains

[ (edlal? + 15()+ )0 = ) g
= [ [ ortedial + (o) + 6)(o — pytzar (4.6)
S AGET N ACE R O
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5/( (pu—pu dm—a//au (pu — pu)dzdr
—5/ /Vu pu®u—pu®ud:ﬂd7—/ / (V-a)(p1(p) — p1(p))dxdr
—/ /ﬂ-(pV(b—ﬁVé)dxdT—/ /ﬁ~(pu—ﬁﬂ)dxd7'
0 Jo 0o Ja
t
—5//’[L-éldl'd’7',
0 Jo

[ (=23l + () - By — ) [y ao
//a e2|0)* + hy(n) — @) (n — n)dxdr
//V e2|0)* + hy(n) — @) - (nv — Av)dadr = 0,

6/( - (nv — niv)) dax—e/ (0-0) - (nv — nv)dadr
Q o

/t Vi - (nv@v—nv@v)dmdr—// 9) (pa(n) — pa(n))dadr

/ / (nV¢ — aVe)drdr — / / (nv — nv)dxdr
Q
—5/ /17~é2dxdr.
0o Ja

From the computation — — ( + + + ) it follows that
/ (edplu—ul* + e3nlv — 0|* + hi(p|p) + ha(n|n) + 3|V(¢ — ¢)[*) |:j)dx
Q
t
= [ [ plal? = plal ~ - (pu— pu)doar
0o Ja
t
- / / nlv)* = alo|? — v - (nv — av)dedr
/ [ o =e3al? + 14(9) + ) — p)adr
/ 0, (—e Lol + hy(m) — §)(n — m)dedr
Q
—8/ (0r1) - pu—pudmdr—e/ (0:9) - (nv — nv)dxdr
Q Q
- / | V3R + (9) +6) - (pu = ) dacr
/ / V(—ei|o]* + hy(n) — @) - (v — nv)dadr

—5//Vu pu@u—pu@u)dwdT—e//Vv (nv®v — A0 ® v)dxdr

//V @) p1 —pi(p dmdr—/ / (V-9) p2 (ﬁ))dwdT
+/0 /Qﬂ-(qub—ﬁV@dxdT—/o /Qﬁ-(anb—ﬁVqB)dxdT.

17

(4.10)



18 NUNO J. ALVES AND ATHANASIOS E. TZAVARAS

The strong and bounded away from vacuum solution (p, pti, 7, n0), with ¢ = N *(p—n), satisfies

the following system
(4.11)

Multiplying the first and second equations above by p(u — @) and n(v — ©), respectively, yields:
e( = 3lal?),(p = p) +etie - (pu — pu) + V(= 3lal?) - (pu — pa)

+eViu: (pu®@u— pu® )
=—pVIh(p) - (u—1a) = pVo - (u—1u) — pi- (u—1u)

+epVa: (u—ﬂ)@(u—ﬂ)—i—egél (u—a)

(4.12)
e( — 19| )t(n—n + ety - (nv — ) + eV ( — [0]?) - (nv — )
+eVi: (nv@v— At QD)
=—nVhy(@n) - (v —10) +nVd- (v—20)—nv-(v—10)
+ eV (v—@)@(v—5)+€%ég~(v—6).
Substituting into renders that
[ (Eholu—aP + chnlo = o + (olp) + haol) + 31V = D) [Zoda
t
= [ [ olu = pla ~ - (ou = pw) - pu- (u - w)dodr
0o Ja
t
- / / nlv|? —alo]? — v - (nv — av) — no - (v — 0)dadr
—6/ /Vu plu—2)® (u—a)+Vo:nv—7)® (v—10)dzxdr
/ o-( Y(p — p) + VRi(p) - (pu — pu)dzdr
Q
- / L7 0010) = 1(7)) = VH4(9) - (= pior
/ 0= (hy(n —n)+ Vhy(n) - (nv — nv)dzdr (4.13)
0

/ QV ) (p2(n) — p2(n)) — Vhy(n) - (nv — nv)dadr

/ / —Vé- (pu— pu)dzdr

+ /O /Q - (pVo— pVe) + pVé - (u— u)dwdr

- /Ot /Q ~(8,8)(n — 7)) - V- (nv — D) dadr

— / / v-(pVo — Vo) +nVe- (v —v)drdr

- 6/ / —é - Eég - (v — v)dadr.
QP n
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A simple calculation provides

¢ ¢
—/ / plu® = pla* — @ - (pu — pu) — pi - (u — w)dzdr = —/ / plu — a|*dzdr, (4.14)
0 Jo 0 Jo

t t
—/ / nlv|* —alo|? — o - (nv — Av) —no - (v — v)drdr = —/ / nlv — v|*dxdr. (4.15)
0o Ja

Additionally, since p; + V - (pa) = 0 and 7y + V - (70) = 0 one derives
/ [ 0- 5.2 (0= )+ VB4 (9) - (= o
_/ Q(V'a)(m(P) p1(p )) Vhi(p) - (pu — pu)dzdr (4.16)
- [ [ amtelpsar
0o Jo

—/ /aT(h/Q(ﬁ)>( 1) + Vhy(n) - (nv — nv)dzdr
0o Ja
- /0 /Q (V- 0)(p2(n) — p2(R)) — Vh5(R) - (nv — pv)dzdr (4.17)

- /Ot/Q(V-v)pg(nM)dxdT.

Moreover, the second equality of identity (4.1) and the no-flux boundary conditions (3.15)) imply

that
/ / ~ V¢ - (pu— pu)drdr
+/0 /Qﬂ (pV¢ — pV @) + pV - (u — w)dzdr

- /Ot /Q —(0;¢)(n —n) — Ve - (nv — nv)drdr

t (4.18)
_ / / v-(nV¢ —aVe) +nVe- (v —v)dvdr
0 Q
[ [ ~o=p=n+1)0.6)+ V(6 6) - (on — no)dar

// p—p)i—(n—n)v)-V(p—¢)drdr.

Finally, replacing (4.14)), (4.15)), (4.16), (4.17) and (4.18) in (4.13)) yields

[ (Eolu =l + ednlo = + ks (o17) + hanl) + 31V (6 = D) [ Zgdo
—/ /p|u—a\2+n|v—17|2dasd7'
0 Q
—6/0 /QVﬂ:p(u—ﬂ)@)(u—a)—i—V@:n(v—@)@(v—@)dwdr
- / / (V - @)p1(plp) + (V - 0)pa(n|n)dadr
// p—p)i—(n—n)v) V(¢ — ¢)drdr

- 6/ / —e - Eég - (v — )dadr,
QP n
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which completes the proof.

4.3. Bounds in terms of the relative energy.

Lemma 4.5. Under the conditions of Proposition [{.7,
¢
Ji(t) < C/ U(r)dr, te[0,T],
0

for some positive constant C.
Proof. Note that for ¢ € [0, T,
Ji(t) = —E/Ot/QVu:p(u—u)Q@(u—u)—i-Vv:n(v—v)@(v—v)dxdT
< (19l +119511) | t [ ot +cnlo — ofdaar

< C/Ot\I/(T)dT.

Lemma 4.6. Under the conditions of Proposition [{.4}
t
() < c/ U(r)dr, te[0,T],
0

for some positive constant C.
Proof. From conditions (3.2]) and (2.1]) it follows that
1 T
pi(r|F) = (r — F)z/ / P (st + (1 — s)F)dsdr
o Jo

(r— F)szi/o /OT h;/(S’I" +(1- s)'F)dsdT
ki (r|7)

IN

IN

Thus, for ¢t € [0, T,
Ta(t) = — / /Q (V- @)pa(plp) + (V - 0)pa(nlm)dadr
< (IV oo + 17 - 0lloo) iy + ) / /Q ha(plp) + hs(nlm)dizdr

< C/Ot\If(T)dT.

Lemma 4.7. Under the conditions of Proposition and for y1,72 > 2 — %,

B(t) < C/Ot\I/(T)dT, te0,T],

for some positive constant C.
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Proof. Let v = min{~1,v2}. The proof is divided into two cases: v > 2 and v € [2 — é, 2[.
Case v > 2 : Using inequality ab < %(12 + %bQ and Lemma one derives
t —
7= [ [ (== (n=m)p) - V(o= )dadr
0
t
< il +111) | [ 0= g0 =6 + In = 796 = &)l dzar
t —
<C [ [ (l=pP+In—nP + V(6 - 3)*)dsdr
0 Ja
t
< C/ / hi(p|p) + ha(n|n) + |V (¢ — ¢)|*dzdr
0 Ja

< C/t Y(7)dr, te0,T].
0

Case y € [2 — 5,2[ : Fixt € [0,T] and let ¢ = 33/, q = q%p and p = d(vfi‘f)ﬁ, so that ¢’ = d"ﬁ’p.
Since y € [2— %,2[, then 1 <p < ¢ <7y < 2. Set J(t) := [, ((p—p)u— (n—n)v) - V(¢ — ¢)dz and
note that

IO < | [ (0= (n=)0) - V(6= )i

< (laflo + IIEIIOO)/Q(Ip—ﬁI +In—a))|V(p - ¢)|dz (4.19)

<C -p ~al)de) V(o— &) de) "

<( [ (o=pl+ln=slyae)" ([ 960 = )1 as)
Consider the Neumann problem

~Alp—¢)=p—n—p+n inQ
Zp—9)=0 on 9Q.
Let f=p—n—p+nand ¢ = V(¢ —¢). Then f € L7(Q) C LP(Q) and ¢ = VN * f. Define f by

;o f, in Q
0, in R4\ Q.

Clearly f € L?(R%), and from the properties of the Neumann function one deduces that

lp(z)| < CL(If)(z), €.

Thus, Proposition with a =1 and p = d(%‘bw implies that

1
7

([ IvG=ora)” =ligll g < CURIDI, g <Cllflirer  (420)

Furthermore, choosing r» > 0 so that % = % — % it yields

1
A llze ) < 1217 [[£]|a(e)-
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Combining (4.19) and (4.20) gives
1 1
30 <C( [ o pl+In=atdn) ([ (o= pn-+alds)”.
Q Q

2

<cf / (Ip— ol + In — nl)dz)” (4.21)

2 2
< C(/ \p—ﬁ|qda:)q —l—C(/ |n—ﬁ|qdax)q.
Q Q
Our next goal is to show
2
([ 1o-pltaz)" < [ molp)aa. (4.22)
Q Q
To this end, we split the domain into B(t) = {x € Q |0< p < R} and U(t) ={z € Q| p > R},
where R > M; + 1 is as in Lemma [£.3] First observe that

(/Q|p—ﬁ|%loc)5 <C(/B<t> |p—ﬁ|Qd:c)3+C(/U(t) Ip—ﬁlqdw)%~

Since ¢ < 2, the inclusion L?(Q) C L%(Q) holds, and together with Lemma implies
2
(/ Ip— pltdz) " < O/ Ip— plPdx < 0/ 1 (plp)da.
B(t) B(#) Q

1

Moreover, since o = = + (1 — ) with 26 = v one has

(/ ) o plia)" = ( / ) o= 1005 — gtz "
<((f, ) oo

<1002 [ o pPa
U(t)

2|

QN

If v = 71, then

/ lp—pl"dx < C/ hi(plp)dx
U(t) Q

immediately follows from Lemma [4.3

If v = 73, then v < 71, and since |p — p| > 1 in U(¢), again by Lemma one obtains

| dp=srde< [ lp-pPrar<c [ s,
U(t) U(t) Q

Consequently, we obtain (4.22)) as projected.

In a similar fashion, it holds

2
(/ﬂn—mw@“gc/vmmmmm (4.23)
Q Q
Then (4.21)) in conjunction with (4.22)), (4.23)) gives
J(t) < C/ hi(p|p) + he(n|n)dz < CT(),
Q
wherefrom

%@Zévmmscfwmm

which completes the proof. O
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Lemma 4.8. Under the conditions of Proposition [{.4,
Ja(t) < ;/Ot /Q plu—a* +njv — v|*dedr + C*t, t € [0,T],
for some positive constant C.

Proof. The boundedness of & and &, the conservation of mass and (H) imply, for ¢ € [0, T, that

t
Ju(t) = —¢ / Pe - (u—a)+ %62 (v — v)dxdr

QP
<= / / p|u—u|2+n|v—v|2dxd7+—/ / - dxdT
—12 —12 2
< 7/ /p|u—u| + nlv — 0|*dzdr + Cet
2Jo Ja
for some positive constant C. O

Combining (4.2)) with the bounds in Lemmas gives
/ / plu — a* + nlv — v]*drdr < U(0) + C’/ T)dr + Ce*t, t€[0,T]. (4.24)

Theorem [3.3] follows by the Gronwall inequality. The constant C' depends on d, Q, 1, 72, k1, ka,
ki, ko, M, M, 61, 83, My, Mo, [[l]os, [[0]]os [|Vlloos [|V0]]os [1E1]loc and |[e2]|oc-

APPENDIX

This section provides a formal derivation of system from the bipolar Boltzmann-Poisson
model with friction terms adapted from [17].
Consider the system
Yt w-Vf =V Vaf =V, (Luf)
% w- Vg + Vo Vag = Vu - (Lug (A1)
—A(;S:ffdw—fgdw
in the phase space-time ]0, +0o[ x R? x R? where w € R? is called the pseudo-wave vector, and
V. is the gradient operator with respect to w. One can visualize the functions f = f(¢,2,w) and
g = g(t,xz,w) as distribution functions of sets of electrons and holes, respectively. It is assumed
that f and g satisfy
Iw‘lgrioof(t T,w) = " ‘li_{r}roog(t,x,w) =0. (A.2)
Moreover, ¢ = ¢(t,x) is the electrostatic potential of the system and 1/7 > 0 is the effective
collision frequency.

Set

1
p:/fdw, u:f/wfdw,

p

1
n:/gdm v:f/wgdw.

n

Integrating the first equation of (A.1]) with respect to the variable w gives

%/fdw-l—v-/wfdw=V¢~/wadw+/vw

and
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whence, using ,

pe+ V- (pu) =0. (A.3)
Similarly one obtains

ny + V- (nv) = 0. (A.4)

Next, the momentum equations are deduced. Multiplying the first equation of (A.1) by w; and

integrating with respect to w yields

;/wjfdwgai (/ijifdw> - v¢./wjvwfdw+/wjvw : (%wf)dw. (A.5)

Setting

one can rewrite (A.5)) as

from equation (A.6)), one obtains
d
Ou, 0 op 1
Py Tru Vau; + Z %(Pazj) = _pT% — Py (A7)

i=1
Assume that po;; is a stress tensor that represents a pressure. Precisely, po;; = ;;p1(p) where

p1 is a function that symbolizes the pressure. Thus,

d
Z; aixi(ﬂaij) = 66% (pl(p))
and the vector form of can be written as
(o) + V- (pu @ ) + Vpr(p) = —pVé — ~ pu. (A.8)
Analogously,
(nv)y + V- (nv ® v) + Vpa(n) =nVe — %nv, (A.9)

where again p, represents a pressure.

The third equation of (A.1]) together with equations (A.3), (A.4), (A.8) and (A.9) give system
(2.5).
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