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ABSTRACT. In this work we employ the relative energy method to obtain a weak-strong
uniqueness principle for a Euler-Riesz system, as well as to establish its convergence in
the high-friction limit towards a gradient flow equation. The main technical challenge in
our analysis is addressed using a specific case of a Hardy-Littlewood-Sobolev inequality

for Riesz potentials.

1. INTRODUCTION

In this work we consider the following Euler-Riesz system in ]0, 77 x :

Oep+V - (pu) =0,

(1.1)
I(pu) + V- (pu@u) + Vo + kpVW x p = —vpu,

where 0 < T' < oo and  is either the d-dimensional torus T¢ or a smooth bounded domain
of R? d > 1. In the case of a bounded domain, we consider the following no-flux boundary
conditions:

u-n=0 on[0,T[x 0N (1.2)

where n is any outward normal vector to the boundary of €2. The density and linear velocity
are denoted by p and wu, respectively, p¥ = p(p) is the pressure, and the interaction kernel
W is given by

||*
W)=+, —d<a<O0.
(6%

The parameters v > 1, k > 0, v > 0 are the adiabatic exponent, the interaction strength,
and the collision frequency, respectively. This system models a single-species fluid subject
to attractive/repulsive interaction forces depending on the sign +.

The goal of this work is twofold. First, one obtains a weak-strong uniqueness property
for system , and then one establishes the high-friction limit (v — o0) of system

towards the following diffusion-aggregation equation:

Ohp=V-(Vp"+rpVW xp) in]0,T[xQ, (1.3)
with the boundary conditions (if §2 is a bounded domain),

(Vp? 4+ kpVW xp) -n=0 on [0,T[ x 9. (1.4)

These equations find applications in mathematical biology or plasma physics, for instance
in the modelling of the behaviour of cell populations as adhesion or chemotaxis, or in the

modelling of charged particles subject to electric forces, see [4, [6l, 5] and references therein.
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Both results are obtained using the relative energy method. In both cases, the necessary
estimates are essentially identical. This serves as a clear illustration of the close mathemat-
ical relationship between weak-strong uniqueness principles and relaxation phenomena.

The relative energy method is an efficient methodology for achieving stability results,
including weak-strong uniqueness principles, and establishing asymptotic limits. Since its
origin, e.g. [I4], this method has seen an extensive applicability to diffusive relaxation
[2, 3, @, 17, [18].

In the present manuscript, we consider weak and strong solutions for and strong
solutions for . Equation can be regarded as a gradient flow in the space of prob-
ability measures endowed with a Wasserstein distance [7, [§]. In fact, equation can be

written as
Oep+ V- (pu) =0,
pu = —=Vp' — kpVW % p.
As a consequence, the velocity field is given by u = —V‘;—i with the free energy functional

E(p) defined as
E(p) = /Q 510" + kgp(W o p) da

over probability densities and its variation computed with zero mass perturbations. Within
that framework, the emergence of a gradient flow type equation as the high-friction limit
of its Euler counterpart has also been studied [5]. The results presented here extend the
ones obtained in [I] and [I§] to what concerns the weak-strong uniqueness principle and the
high-friction limit, respectively. In the former, one establishes the weak-strong uniqueness
principle for a Euler-Poisson system in the whole space, taking as solution of the Poisson
equation the convolution of the density with the Newtonian kernel. The same result can be
obtained in the bounded setting considering the Neumann function instead, which essentially
corresponds to the present case with & = 2 — d and d > 3. In [I8], the authors establish
the high-friction limit of a Euler-Poisson system towards a Keller-Segel system in a periodic
setting. In this case, the high-friction limit is established for v > 2 — %. This range for the
adiabatic exponent is also valid for a weak-strong uniqueness principle or high-friction limit of
a Euler-Poisson system in a bounded domain, where the Neumann function is put together
with the regularity theory employed in [I8]. In those cases, using the Poisson equation
one derives integration by parts formulas that prove very useful in obtaining the necessary
estimates to reach the desired stability results. In the present case, those integration by
parts formulas do not apply. Moreover, the same range for the adiabatic exponent was
obtained in [9] where the authors establish the high-friction limit of a Euler system with a
bounded interaction kernel.

The high-friction limit of a pressureless Euler-Riesz system towards an aggregation equa-
tion is studied in [I0, I2]. In the pressureless case, the relative interaction energy cannot be
controlled by a pressure, and therefore should be controlled by either itself or by the rela-

tive kinetic energy. In [I0] [12], the Wasserstein distance combined with the relative kinetic



energy is employed to handle the nonlocal interaction term when it is regular. On the other
hand, the interaction potential W is given by the Coulombic or super-Coulombic interaction
and the relative interaction energy is used to bound the nonlocal terms. See also [13] [20]
for estimates of relative interaction energies with Riesz potentials. Additionally, theories on
well-posedness and existence of solutions for Euler-Riesz systems can be found in [I1] [15].

The results obtained here are accomplished by means of the relative energy for ,
which is the quadratic part of the Taylor expansion of the energy functional, see Section [2]
For the weak-strong uniqueness principle, we compare weak and strong solutions of ,
while for the high-friction limit we compare a strong solution of with a weak solution
of in the limit ¥ — oco. The first step is to obtain an inequality satisfied by the
relative energy between the two considered solutions. The terms on the right-hand-side of
that inequality are then bounded using the relative energy. Among these estimates, the one
deserving special attention is the one containing the interaction kernel, which is dealt with
using a particular case of a Hardy-Littlewood-Sobolev inequality.

As a summary, we are able to prove our main results — weak-strong uniqueness and
high-friction limit — in the ranges:

d
722—(1:;, l-d<a<0, d>1.

The weak-strong uniqueness result in stated in Section [3.1] and it is proved in Section
The result concerning the high-friction limit is stated in Section [3:2] and its proof is sketched
in Section[4.4 Moreover, we have to restrict the admissible values of the interaction strength
to ensure that the relative energy is non-negative, otherwise the stability results could not

be obtained, see Section

Remark 1.1. The results obtained in this manuscript may be understood as formal re-
sults as one considers notions of solutions whose existence theories are not yet available.
Nonetheless, the weak solutions considered here are reasonable to what concerns the a priori
estimates of system , and the strong solutions can be seen as classical solutions with

additional boundedness assumptions.

2. ENERGY AND RELATIVE ENERGY IDENTITIES

In this section we formally derive the energy and relative energy identities for system
(L.1). First, we introduce the internal energy function h(p) = ﬁp”, which is connected to
the pressure p(p) = p” via the relation ph”(p) = p'(p), with p > 0. Moreover, the potential
energy functional £ = £(p) associated with system is given by

&) = [ Mo+ wboW « ) do.

Using the symmetry of W, one computes the functional derivative %, which is given by

o0&

g(p) =1'(p) + k(W * p).
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The relative potential energy functional associated with ([1.1]) is then given by
_ _ o€ ,_ _
E(plp) = E(p) — E(p) — <5fp(p),p -p)
= [ 1ol + r30 = D)V = (0= )

where h(pl) = h(p) — h(3) — I(7)(p — p).
Assume that (p, u) is a smooth solution of (1.1)) (satisfying ((1.2)) if 2 is a bounded domain).
By taking the inner product of the second equation in (1.1)) with u, integrating the resulting

expression over space, and utilizing the symmetry of W, we obtain the energy identity for

system ([1.1)):

% Lplul® + hip) + K2 p(W  p) dz = —/ vplu|? d.
Q Q

Observe that for v = 0 the energy is conserved over time while for v > 0 the energy is
dissipated.
The kinetic energy functional associated with system (1.1]) is the functional I = K(p, pu)
given by
Kpupu) = [ Aolul? .

After a straightforward derivation we obtain the following functional derivatives:

oK oK

—(ppu) = —3lul?, = (p,pu) = u.

p 2 d(pu)

Using these derivatives we can calculate the relative kinetic energy functional associated

with (1.1):

K(p, pulp, pu) = K(p, pu) — K(p, p) — (= (p, pi), p — p) — ( 5 (o) (p, pu), pu — pia)

/ 1plu — uf® de.
Q

Now, we present the relative energy identity for system (1.1]). Assuming that (p, @) is another
smooth solution of ([1.1]), by adding the relative kinetic and relative potential energies of (|1.1)),

after taking the time derivative we obtain:

d ] ] ] ) ]
a@ |, 2Plu =l + 1olp) + w3 (0 = )W+ (0 = p) d9€+/ﬂyﬂ\“—“|2d$

:7/Vﬂ:p(ufﬁ)®(ufﬁ)dl'
Q
- / (V- @)p(plp) da
Q

+ [ Ko=) VW s (o= ) do.

3. MAIN RESULTS

In this section we present the main results of this work — a weak-strong uniqueness
property for system (|1.1)), and its high-friction limit towards (L.3)) as v — oc.
Before stating the results for each case, we provide the notions of solutions that will be

employed in our analysis. Specifically, for the weak-strong uniqueness property we consider
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weak and strong solutions of system (L.1)), while for the high-friction limit we focus on weak
solutions of system (1.1) and strong solutions of system (|1.3]).

3.1. Weak-strong uniqueness.

Definition 3.1. A pair (p,u) with non-negative p and such that
p € C([0,T[; L7(2)),
pu € C([0,T[ L*(2,RY),
plul®> € C([0,T[; L' (%)),

is a weak solution of (L.1)) if:

(i) (p,u) satisfies a weak form of (1.1)):

—/()T/Q(atcp)pdacdt— /OT/QVQO' (pu) dadt —/Q<p(07m)po(x) dx =0,

/ /@(p (pu) dzdt — / /V<p pu @ udrdt — / &(0,) - po(z)up(x) d
/ / (V- @)pY daedt — / / (kpVW x p) dxdt = / /wp pu) dxdt,

for any Lipschitz test functions ¢ : [0,7[ x @ — R and ¢ : [0,T[ x Q@ — R? that have
compact support in time, and in the case of a bounded domain, satisfy ¢ -n = 0 on
[0, T[ x 092, where n denotes any outward normal vector to the boundary 99,

(ii) the mass is conserved:
/Qp(t,x)da; =M< fortel0,T],
(iii) the energy is finite:
;1,111:)[/9 Lplul® + h(p) + k2 p(W * p) do < oco.

Furthermore, a weak solution of ([1.1) is called dissipative if p(W xp) € C([0,T[; L*(Q)) and

/ / Lolul® + h(p) + k1p(W * p))0 dmdt+/ /l/p\u| 0(t) dzdt
(3.1)
< [ (olul? + hip) + oW < )],_yf0)d

Q

for all non-negative and compactly supported § € W°([0, T'[).
Now, we present the notion of strong solution for (1.1).
Definition 3.2. A Lipschitz pair (p, @), with positive p and such that
pe L([0,T]: L=(9).

ue L= ([0, T[ W (Q,RY)),

is a strong solution of (|1.1)) if:
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(i) (p,u) satisfies

op+V - (pu) =0, (3.2)
Oyt + (it~ V)i + V() + KVW * p = —wpi, |
for a.e. (t,z) €]0,T[x Q,

(ii) the functions ¢, @ given by
¢ =0(—5lal> + 1 (p) + W * p),

¢ = ou,

can be used as test functions in the weak formulation detailed above, where 6 is given

by (E3),

(iii) (p,u) satisfies the boundary conditions (|1.2) in the case of a bounded domain.

Also, we prescribe initial data (pg, @g) that satisfies
/ﬁoda::M< 00 and / po0ltol* + h(po) + K3 po(W * po) dz < oc.
Q Q

A feature of a strong solutions is that it satisfies the energy identity. This can be seen by
multiplying the second equation of (3.2) by pu and then integrating it over space, leading

to:

d

%/ Lolaf + h(p) + wLp(W % p) dw = —/ vplal? da. (3.3)
Q Q

Furthermore, we consider strong solutions (p, @) of (1.1)) that are bounded away from

vacuum, that is, there exist 6> 0and M < oo such that
p(t,x) €[5, M] for (t,z) €[0,T]. (3.4)

Weak and strong solutions of (|1.1)) are compared using the relative energy ¥ : [0,T[— R

defined as follows:

W) = [ Solu—aP + holp) + 3 (o= )W * (o= 7)) da.

For the notions of solutions described above, we obtain the following weak-strong uniqueness

result:

Theorem 3.3. Let d > 1 and let (p,u) be a dissipative weak solution of with 1 —d <
a<0,v>2-— QT'M and k sufficiently small. Let (p,u) be a strong and bounded away from

vacuum solution of . Then, there exists C > 0 such that VU satisfies

sup ¥ < e“Tw(0). (3.5)
(0,77

Therefore, if (po,uo) = (po, Uo) then



3.2. High-friction limit towards a gradient flow.

Taking v — oo in formally yields the equilibrium state w = 0. Therefore, in order
to capture the limiting phenomena we must first consider a diffusive scaling. Let ¢ = 1/v/?
and consider the scaling

p(t,x) = p(e™ '/, @),
a(t,x) = e 2u(e7 2, 2).
Dropping the tilde notation gives
Op+ V- (pu) =0,
(3.6)
e(Ou(pu) + V- (pu@u)) 4+ Vo7 + kpVW % p = —pu.

Taking ¢ — 0 in , one formally obtains .

We consider dissipative weak solutions of , which are completely analogous to the
dissipative weak solutions of described in the previous section.

Now, we present the notion of strong solution of , to which one can establish the

convergence in the high-friction limit.

Definition 3.4. A positive Lipschitz function p, such that
pEWLX([0,T;WH>(Q)),
is a strong solution of if:
(i) p satisfies
Oip =V - (pV (I (p) + KW * p)) (3.7)
for a.e. (t,z) €10, T[x Q,
(ii) the functions ¢ : [0,T[x Q = R, ¢ :[0,T[ x & — R4 given by
©=0(—3|VH (D) + VW xp|> + 1’ (p) + kW * p),
¢ =0(=VH(p) — kVW x p),

can be used as test functions in weak formulation detailed above, where 6 is given by

@3).
(iii) p satisfies the boundary conditions in the case of a bounded domain,
(iv) Additionally,
Pp Pp P(Wxp) (W xp)
Ox;0x;’ Ox;0t" Ox;0x; = Ox;0t
fori,j=1,...,d.

e L=([0,T] x Q)

We prescribe initial data pg that satisfies
/ podr = M < oo, and / h(po) + kgpo(W * po) do < oo.
Q Q

To compare a solution (p,u) of (3.6) with a solution p of (1.3)), we view the solution of

(1.3) as an approximation to (3.6)) using the following equations:
op+V - (pu) =0,

e(0(pu) + V- (pu @ u)) + Vp(p) + kpVW * p = —pu + €e.
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Here, @ is defined as & = —VA/(p) — kVW % p, and € is given as € = O(pu) + V - (pu ® @).

Under the specified regularity conditions, there exists a positive constant C such that
[]]oo, [Va]loo, [|E]loe < C-.
These strong solutions dissipate the total energy. Indeed, multiplying the equation u =

—Vh'(p) — kVW % p by pu, then using equation (3.7) and integrating it over space leads to:

d

= h(ﬁ)Jr/i%ﬁ(W*ﬁ)dx:—/ﬁ|ﬂ|2d:c.
Q Q

In this case, we consider the relative energy ®. : [0, 7[— R defined as

0.(0) = [ hphu— il + hiolp) + rdlo =)W+ (o= ) do.

The convergence in the high-friction limit of a weak solution of (3.6) towards a strong
solution of (|1.3]) is established in the following result:

Theorem 3.5. Let d > 1 and let (p,u) be a dissipative weak solution of (3.6) with 1 —d <
a<0,~v>2— O‘Ter and k sufficiently small. Let p be a strong solution of satisfying
. Then, there exists C' > 0 such that ® satisfies

sup @, < e“T(®,(0) +£2). (3.8)
(0,77

Thus, if ®-(0) = 0 as e — 0, then

sup . -0 ase — 0.
(0,77

4. PROOFS

This section contains the proofs of Theorem [3-3] and Theorem [3.5]

4.1. Auxiliary results. First, we recall the notion of Riesz potentials. Given a measurable
function f : @ — R and 0 < 8 < d, the Riesz potential of degree § of f is the function
Igf : 2 — R given by
f(y)
Iof(x) = / S8y,
81 (2) Qlz—y|?P

Furthermore, if f € L9(Q) with 1 < ¢ < d/B, then Igf enjoys the following integrability

estimate [16]:
sl aa_ < C(d, 5,4) |Ifq- (4.1)
Using this terminology, the potential W x p can be rewritten as
W p=+g51p,

where S =a+d, 0 < (8 <d.
The next result aims to give meaning to the gradient of the potential W x p, following the

same ideas of [Il Proposition 3.1].
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Proposition 4.1. Let d > 1 and let p € C([O,T[; L“’(Q)) with v > v =2 — g, 1< g <d.

Then W xp € C([0,T[; L"()), where r = ((2;:5)2‘1, and its spatial gradient V(W xp) is given

by
(z—y
VOV« p)(t.2) = VW« plts) =+ [ ) dy
from which

VW  p| < Ig_1]p].

Proof. We prove the first assertion using 1' Under the current hypotheses, p € C ([0, T[; L° (Q))

A straightforward calculation gives:

dyo _ (2d—p)d _
d—pv  (d—pB)?

r>1,
and g < %. Therefore,

W pllr = dflgllfﬁplldg%m < Cllpllyo-

The linearity of I then implies that W« p € C([0,T[; L'(R2)), as desired.
Now, we proceed to prove the second assertion. The condition 1 < 3 is required in this
part. Take an arbitrary v € C2°(£2). We aim to prove that
/(W*p)vmldm:f/(le xplvdr , i=1,...,d.
Q Q
Since W x p € L'(Q), we have [,(W x p)v,, dx < oo, which, by Fubini’s theorem, implies
that
/ (W p)vg, do = / / W(x — y)vg, (x) dz pdy.
Q QJa
Let B.(y) be the open ball in Q with center y and radius ¢ > 0. Note that the map
x — W(z —y) is smooth in BS(y) = Q\ B:(y), and hence
[We-pu@d= [ We-pu@dor [ Wy
Q B:(y) Be(y)

= W (x — y)vg, (z) dz + /83 " W(zx — y)v(z)n;(x) dS(x)

B.(y)
- / W (2 — y)o(e) de,
<(y)

where n; is the i-th component of the unit inward normal vector to the boundary of B, (y).
Using polar coordinates we derive:

1
W (x — y)vg, (z dx‘SC'/ ———dx
| B.() o) By |t = ylT?

€ 1
:C// ————dS(z)dr = Ce”,
o Jop,(y 1z —ylP (

and

1

yli=~

oB.(y) [T — dS(w) = C="~1.
€ y

’/BB W W(z — y)v(x)n;(x) dS(a:)‘ <C

The desired identity is then obtained by letting ¢ — 0 above. ]
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Next, we state a lemma that combines a particular case of the Hardy-Littlewood-Sobolev
(HLS) inequality with interpolation of Lebesgue spaces. For the HLS inequality, we refer to
[19, Theorem 4.3].

Lemma 4.2. Let0< 8 <d,p= %, and o :2—5, sothatl <p <~y <2 Ifpe LV(Q)
with v > 7o, then there exists C > 0 such that

d
pIgplly < C lloll2 < C Lol 1ol (4.2)

The last result of this section, proved in [I7], provides a way of bounding the relative

function h(p|p) from below.

Lemma 4.3. Let h(p) = ﬁp"’ with v > 1, and let p € [5, M], where § > 0 and M < oo.

There exist R > M+1 and C1,Co > 0 depending on v, 8, M such that
Cilp—pl*>  ifpe(0,R],
Rolp) > -
Calp —p|” if p € R, o0

4.2. Non-negativity of the relative potential energy. In this section we prove that for
sufficiently small x the relative potential energy remains non-negative, which implies that
the relative total energy also remains non-negative. This is essential for using the relative

total energy as a yardstick for comparing solutions.

Proposition 4.4. Let p € L7(Q) with v > 2 — “T"‘d, —d < a < 0, be non-negative, and let

p € L>¥(Q) be such that 0 < § < p < M < oco. There exists a positive constant C, such that
| [o=n 0 (o= 0) o] < . [ Bl (43)

Proof. Let =a+d, p= %, and y9 = 2 — %. By the first inequality in Lemma we

have:

| o= 007 < 0= ) da| < 25010 = )Tato = )l < C o=
Let R be as in Lemma and consider the sets B = {z € Q| 0 < p(z) < R}, and its
complement U = Q\ B = {z € Q | p(z) > R}. Then, the inclusion L? C L? and the second

inequality in (4.2) yield that:
1o . 2/p o 2/p
Hp—pllpéC( lp = pl dx) +C( lp = pl dfﬂ)
B U
<c [ lp-pPdosc [ |p-pm i
B U
By Lemma [£.3]it follows that

[1o-sar<c [ np) s
B Q

Now, almost everywhere in U it holds that |p — p| > 1, hence, by Lemma [4.3] we obtain

[lo=prda< [1o=pP dr<c [ bop)ds,
U U Q

which completes the proof. O
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Under the same conditions of the previous result, we choose k so that 0 < k < Cl, and

set A:=1— ”—g* > (0. Thus,

OSAh@deS§A h(plp) + K3(p — P)W * (p — p) du.

4.3. Proof of Theorem The first step to establish the desired theorem is what is
called the relative energy inequality. The calculations involved are by now standard and
similar results can be found, for example, in [I8] @, 2]. Nevertheless, regarding the present

case, we provide the details for completeness.

Proposition 4.5. Let (p,u) be a dissipative weak solution of , and let (p,u) be a strong
solution of . Then, for each t € [0,T][, the relative energy ¥ satisfies

W@)‘W®+Ziéwwﬂfﬂﬁﬁlﬂﬂ+bﬁﬂlﬂm (4.4)

where

Iy (t) = //Vu plu—a) ® (v — u) dzdr,

//Vu (p|p) dzdr,

:/0 /Q/q(pfﬁ)ﬂ'VW*(p—ﬁ)dxdT.

Proof. Fix t € [0,T][, and let 6 : [0, T[— R be defined by

1 ifo<r<t,
tf

o(r) = TTH ift<T<ttk, (4.5)
0 ift+k<r<T,

where k& > 0 is such that ¢t + & < T. Using this function 0 in (3.1), after letting x — 0 we

/%p\u|2+h( )+ K2p(W * p) dac B / /Vp|u|2dxd7 (4.6)

Regarding the strong solution, integrating (3.3| . over )0, ¢[ results in:

/ / valal? dzdr. (A7)

Next, we consider the weak formulation applied to the difference (p — p, pu — p) between

obtain:

| A1 + 1)+ w0V 5 ) o]

the weak and strong solutions. The weak formulation reads:

T T
[ [@oo-p deit~ [ [ To-tou—p) dedt~ [ olpp)],_ydo =0,
0o Ja 0o Ja Q
/ /&cp pu—pu)dmdt—/ /ch (pu ® u — pu ® u) dedt

/ / — p(p)) dudt — /Q & (pu— pu),_, dz

T
— / / @ (kpVW % p — kpVW % p) dadt — / / vg - (pu — pu) dxdt,
0o Ja o Ja

for any Lipschitz test functions ¢ : [0,T[xQ — R, & : [0,T[x — R? that have compact
support in time, and satisfy ¢ -n =0 on [0,T] x 9.
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Consider as tests functions above the functions given by ¢ = 6( — 3|u|? +h/(p) + kW * p)
and @ = 6, where 6 is the same as in (4.5)). Letting & — 0 results in:

T=t

/Q(— slal® + 1 (p) + kW  p) (p — p) dx

_/0 /987(—%|ﬂ|2—i—h’(ﬁ)-i-fiW*ﬁ)(p—ﬁ)dach (4.8)

¢
—/ /V(—%|ﬁ|2+h/(ﬁ)+HW*ﬁ)-(pu—ﬁﬂ)dde:O,
0o Ja

/ - (pu — pu) dx / / (0-u) - (pu — pu) dxdr
/ /Vu (pu ®u — pu @ u) da:dT—/ / —p(p)) dadr (4.9)

7/ / - (/{pVW*p—nﬁVW*ﬁ)dxde/ / v - (pu — pu) dxdr.
0 Ja 0 Ja
Now, we collect ((4.6]) — — (4.8) — (4.9)) to obtain

[ b= 4 1(o1a) + 5o = )W (0= ) o

T=t1

¢
- / / vplu* — vpla|* — va - (pu — pa) dedr
0 JQ

= [ [ ot + 1)+ kW )~ p) doir
079 (4.10)
7/0 /QV(*%HL‘Z‘F}L/(,E)‘FHW*[))'(pU7ﬁ’a)d:EdT

¢ ¢
- / /(8712) - (pu — pu)dxdr — / / Vi : (pu®u— pu®a)dedr
0o Jo 0 Ja
t t
- / / (V-a)(p(p) — p(p)) dedr + / / - (kpVW x p — kpVW % p) dadr.
0o Jo 0 Jo
The left-hand side of the inequality above was obtained using the symmetry of W. Recall
that the strong solution (p, @) satisfies i+ @ - Vi = —V (h/(p) + kW  p) — vii. Multiplying
the above expression by p(u — ) gives:
(= al®)(p— p) + - (pu— pu) + V( — %al?) - (pu — p) + Vi : (pu® u — pu ® )
=—pVh(p)  (u—1u)—pVe-(u—1)+Vi:plu—1u)® u—1u)—vpi-(u—1u). (4.11)
Substituting (4.11)) into (4.10) results in:

| b= 4 1(o1a) + 5 (o= )W 5 (= ) o

T=t

7=0

- /t/ vplu|? — vpla|* — v - (pu — pu) — vpi - (u — ) dedr
//8 R (p) + kW xp)(p — p) d.’EdT—//V p) + kW % p) - (pu — pu) dzdr
— / /(V -a)(p(p) — p(p)) dadr + / / - (kpVW % p— kpVW % p)dedr  (4.12)

//pVh u—u)dxdT—i—/ /npu—u) VW « pdxdr
7/ /Vﬂ:p(ufﬁ)(@(ufﬂ)dxdr
0o Ja
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Using the continuity equation satisfied by the strong solution, we derive:

O (W (p))(p = p) + VI (p) - (pu — pu) + (V - @) (p(p) — p(p)) — VI (p) - (pu — pur)

(4.13)
= (V- a)p(plp)-
Moreover, using the symmetry of W we get:
~ [ oW ) = pydo— [ T ) (pu = pu) o
Q Q
+ / - (kpVW % p — kpVW % p) dx + / kplu—a) - VW x pdz (4.14)
Q Q
= [ #lo=p)a- VW s (o= ) e
Replacing (4.13)) and (4.14) in (4.12) yields the desired result. O

The next step is to bound the terms Z; from above using the relative energy ¥. For Z;

and Z-> we have:
Z(t) = / /Vu plu— ) ® (u— u)dedr

<C ||Vu|\oo/ /p|u—u|2dxd7-<0/

- [ [(v-aplolp) dadr
0 Q

t t
< uvunw(w—l)/ /h(plﬁ)dwdTSC/ W(r) dr
0 Q 0

Regarding Z3, we first observe
t
— [ [ xa@)- (0= @)W o - o)) dodyr
o JJaxe
I -~ ) ~ ~
—5 [ [ wta@) = aw) o - 9@ IW (o~ 1)(o - p)w) dedydr
0 QxQ
due to VW (—x) = —VW (z) for z € Q. Since
a(z) — a(y)[[VW (z — y)| < C||Valle|z — yl|%,
we proceed as in the proof of Proposition [f.4] with 8 = «a + d obtaining:

gwgcﬁnwfm@@fmmm

< c/ot/ﬂh(mp) dadr < o/ot\p(r) dr.

In light of the previous bounds, expanding (4.4) further yields

t t
—|—/ /up\u—ﬂ|2dmd7§0/ U(r)dr, tel0,T],
0o Ja 0

from which (3.5 follows by Gronwall’s lemma.
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4.4. Proof of Theorem The proof of the next result is analogous to the proof of
Proposition and is therefore omitted. The only difference to the error term e that is

present in this case.

Proposition 4.6. Let (p,u) be a dissipative weak solution of (@, and let p be a strong
solution of . Then, for each t € [0, T, the relative energy ® satisfies

B.(t) — .(0) + /Ot/ﬂmu _af? dadr < Ji(t) + Jat) + Ta(t) + Talt),
where

i) = —/Ot/QEVu : p(u— @) ® (u— @) dzdr,

a=- [ t (- @lolp) o
J3<t>=/Ot/Qmp—p)uVW*(p—p)dxdn

Ja(t) = —/t/QE%é- (u — @) dzdr.

Similarly as above, we obtain the following bounds:
Ji(t) < C/Ot O.(r)dr, i=12,3.

The term Jj is treated as follows,

¢ 0 ¢ t 2 g2
J4(t):—/ /sjé.(u—ﬂ) ddeS/ /%p|u—ﬂ|2 dxdT—i—/ /—p’j‘ dxdr
oJa P 0 Ja 0o Jo 2 1p
¢
§/ /%p|u—ﬁ|2 dxdr + Ce?t.
0 Jo

Thus,

t t
. (t) — D.(0) —I—/O /Q%p|u—ﬂ|2 dxdr < C/O O (1) dr + Ce*t, te[0,T],

from which (3.8) follows by Gronwall’s lemma.
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