THE ROLE OF RIESZ POTENTIALS IN THE WEAK-STRONG UNIQUENESS FOR
EULER-POISSON SYSTEMS

Nuno J. ALVES

ABSTRACT. In this article, the weak-strong uniqueness principle is proved for an Euler-Poisson system
in the whole space, with initial data so that the strong solution exists. Some results on Riesz potentials
are used to justify the considered weak formulation. Then, one follows the relative energy methodology

and, in order to handle the solution of Poisson’s equation, employs the theory of Riesz potentials.

1. INTRODUCTION

This work is concerned with the weak-strong uniqueness principle for the following Euler-Poisson

system in |0, 7[ x RY, with T < coand d € N, d > 3 :

Op+V-(pu)=0

O(pu) + V- (pu@u) +Vp? +pVe =0 (1.1)

—Ap=p.
This system describes the evolution of a single-species fluid composed by charged carriers — a basic model
in plasma physics or semiconductor theory. The density of the fluid is represented by p, its linear velocity
is denoted by u, and ¢ is the electric potential generated by the charged particles. The first equation
is the continuity equation, which represents the conservation of mass or charge. The evolution of the
momentum pu is given by the second equation, with v > 1 being the adiabatic exponent of the fluid.

The last equation — Poisson’s equation — determines the electric potential ¢, which is represented by

ot x) = C(id) /R ”(tyf}_z dy (1.2)

d|l‘—

where ¢(d) = d(d — 2)L(B;1(0)) = d(;ié%{i/z and £ denotes the Lebesgue measure. Representation
is a particular case of a more general concept — Riesz potentials.

The goal of this work is to establish the weak-strong uniqueness property of system using the
machinery of Riesz potentials together with the relative energy method. The weak-strong uniqueness
principle, with respect to certain classes of weak and strong solutions, says that if a weak solution
coincides with the strong solution at the initial time, for initial data (po, pouo, o) so that the strong
solution exists, then they coincide for all times where both are defined. The notions of weak and strong

solutions used for the current analysis are detailed in section[3] For those classes of solutions one obtains

the following result:

Theorem 1.1. Let (p, pu, @) be a dissipative weak solution of with v > %, and let (p, pii, ¢) be a

strong solution of (I.1)). If (po, pouo) = (po, potio) then, for every t € [0, T,

(p(1), p(t)u(t), (1)) = (p(t), A(t)a(t), &(1)) -
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The weak-strong uniqueness property lives behind the stability estimates on relaxation; see [7] for
the weak-strong uniqueness of a Euler-Poisson system, for periodic solutions, as a consequence of its
relaxation limit towards a Keller-Segel system. The weak-strong uniqueness principle has also been
studied for the Euler-Poisson system with linear damping and confinement in a bounded smooth domain,
for classes of measure-valued solutions; in this case being called measure-valued-strong uniqueness [3].
Furthermore, it has as well been studied for a similar set of equations, the Navier-Stokes-Poisson system,
for classes of weak solutions that are continuous in time with respect to the weak topology [2]. In those
cases, the relative energy method was employed to achieve a stability estimate from which the weak-
strong uniqueness follows. Here, that approach is also used for weak solutions that are continuous in
time and defined in the whole space R?, which represents the novelty of the present work. Such weak
solutions have not yet been proved to exist, and it is out of the scope of this manuscript to establish their
existence. Nevertheless, one considers that notion of weak solution for its consistency with the a priori
energy estimates of the system. The theory of Riesz potentials will be important in the justification of the
weak formulation to what concerns the terms containing the electric potential ¢. The estimates on Riesz
potentials also yield the thresholds for the adiabatic exponent . Those estimates are as well crucial to
overcome the difficulties of the technical part of the proof of the main stability estimate, which is done
via an integration by parts formula. The relative energy method is an efficient tool for the analysis of
stability of systems of conservation laws; see [4] for an early work on the stability of thermoelastic fluids,
and [5] for more recent developments. This method has also been successful in establishing limiting
processes; see [7] for the high-friction limit of single-species Euler flows towards gradient flows, and [I] for
the relaxation limit of a two-species Euler-Poisson system with friction towards a bipolar drift-diffusion
system.

Section [2] presents all the results on Riesz potentials that will be important for the subsequent analysis.
Those results are essentially a consequence of a classical result on Riesz potentials, Proposition [2.1
together with Holder’s inequality.

Section [3| is devoted to considerations on the Euler-Poisson system . First, one formally derives
the energy and the relative energy identities for the system. The relative energy is the crucial concept
for the analysis of the weak-strong uniqueness done here, as it serves as a yardstick for the comparison
between the two solutions. Moreover, the notions of weak and strong solutions are given. Those will be
used in the rigorous derivation of the relative energy inequality in the last section.

Section [4] is intended to establish the weak-strong uniqueness principle for system with respect
to weak and strong solutions under the regularity specified in section 3} The crucial result, Theorem [{.1]
is an inequality satisfied by the relative energy from which Theorem immediately follows. The most
technical part of the proof of that result is handled using an integration by parts formula, Proposition

which is proved using the results on Riesz potentials presented in subsection [2.2
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2. RIESZ POTENTIALS

Let d € N and 0 < a < d. The Riesz potential of degree @ of a measurable function f is the function

I f() = /R v

a |x —yld=e

I, f given by

Observe that the integrand part of coincides with the integrand part of the Riesz potential of degree
2 of the density p. To deal with the electric potential ¢ and with the electric field —V¢ one uses some
integrability inequalities for Riesz potentials that will be derived here. The starting point to obtain those
inequalities is the following classical result, proved in [0 [g].

Proposition 2.1. Let f € LP(R?), where 1 < p < d/a with 0 < a < d. Then

Hafll an_ < Cld, . p) [|fllp - (2.1)

2.1. Preliminaries. This subsection contains preliminary results that serve to emphasize the simple

idea of choosing the integrability exponent p in 1) in such a way that dil’(; - is the Holder conjugate of

some other integrability exponent q.
Proposition 2.2. Let d€N, 0 < a,8 < d and let f € LP(R?), g € LI(R?) with p,q € ]1,00].
(i) If 1 <p,g< g are such that %—&—% =1+ 9, then
1o f)gll < C(d, o, p) || £lpll9llq -
(i) If 1 <p,q< o%,@ are such that % + % =1+ O‘fjﬁ, then

|(Zaf)Ipg)llx < C(d, a, B,p) [|Fllpllgllq -
Proof.

(i) First observe that

and
d d
l<p & q9g<—, p<— & 1<q.
a @
Thus, Holder inequality together with (2.1)) yields
IZaH)gllt = [Haflle lgllg
a1l 2 llgllq

d—ap

C(d,a,p) [ £l [lgllq -

AN

(ii) Similarly,

1 1 a+p dp , S dq
— —:1 <~ = d = = s
p+q * d s dfozpan s s—1 d—[q
and
l<p & q¢g<——, p<— & 1<q.
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Thus, Holder’s inequality together with (2.1) gives

) TsDl1 < |Laflls [11s9lls
ol o 1Tl sy
C(d70[,p) C(d7ﬁ7q) ||f||p ||g||q :

IA

]

2.2. Riesz potentials on L'(R*) N L7(R?). The results presented here are obtained combining the
same idea of the previous subsection with the interpolation of Lebesgue measurable spaces. These results

will be crucial for the proof of Proposition 4.3

Proposition 2.3. Letd €N, 0 < a <3< d/2 and p,n € L*(R?) N LY (RY) with v > 23— Then

d+2a”
sl < C(d,a) 1ol zy.. (2:2)
1T Lap)lls < C(d . B) IInll 2 Nl 24 (23)
Proof. Set p = di‘;a, q= di%/s and note that p,n € LP(RY) N LI(R?). Moreover, a simple calculation
yields
dp dq

2= = .
d—ap d-—fq

Then, (2.2)) easily follows from (2.1]), and (2.3)) follows from ({2.2]) together with Holder’s inequality. [

Proposition 2.4. Letd €N, 0 < a < d and p,n € L*(R%) N LY (RY) with v > %. Then

Inlaplly < C(d, @) [Inl] 2o [|pl 2o - (2.4)
Proof. Set vg = di—da and note that p,n € L7 (R?). Moreover, a simple calculation yields
Yo dyo
%

T -1 d-ay’
whence, by Holder’s inequality and (2.1),

[InLaplly < [InllyolHapllyy < C(d; e)llnllyllollo -

O

2.3. Riesz potentials on C([0,T'; L'(RY N LY (Rd)). As a consequence of the previous results, one

has that the continuity in time of p is propagated to I,p and pl,p. Precisely:

Proposition 2.5. Letd € N, 0 < a < d/2 and p € C([0,T[; L*(RY) N LY (R?)) with v > diga. Then
Iop € C([0,T[; L*(R%)).

Proof. Set p = 724~ and observe that p € C([0,T[; LP(R%)). Let € > 0, ¢ € [0,T[ and set & = & where

C = C(d,a) is as in (2.2). There exists § = d(e,t) > 0 such that if s € [0, T satisfies |t — s| < ¢ then

[|p(t) — p(s)]|p, < E. Thus, whenever |t — s| < & one has

[Hap(t) = Tap(s)ll2 = [[1a(p(t) = p(s))ll2 < Cllp(t) — p(s)ll, < CE =€,

which completes the proof. O
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Proposition 2.6. Let d € N, 0 < a < d and p € C([0,T[; L*(R%) N LY(R?)) with v > d%Tda' Then
plap € C([0,T[; L' (RY)).

Proof. Set 9 = di—da and note that p € C’([O,T[; Lo (Rd)). Let e > 0, t € [0, T, and choose £ > 0 so that

CE242C|p(t)||,& < €, where C = C(d, ) is as in . There exists § = (e, t) > 0 such that whenever
s € [0, T satisfies |t — s| < & one has |[p(t) — p(s)||5, < &. Thus, using (2.4), for [t — s| < § one has
p()Lap(t) — p(s)Iap(s)lls < |[(p(t) — p(s)) Lap(®)]lL + [lp(s)Lalp(t) — p(s))[]
< Cllp(t) = ()l (lp)lyo + [12()]140)
< Cllp(t) = p(8)l 1y Cllp@)lyo + [1p(E) = p(5)ll7)
< CE2llp(®)l + )

<e,

which completes the proof. O

3. EULER-POISSON SYSTEM

Set p(p) = p7, v > 1 and let h(p) = ﬁpv. The functions p and h can be regarded as the pressure
and internal energy functions of system (|1.1)), respectively. It can be readily seen that p and h satisfy

ph"(p) =p'(p) , ph'(p) = p(p) + h(p) for p>0. (3.1)
Using the pressure function, system ({1.1)) can be rewritten as:
Op+V-(pu)=0
Or(pu) + V- (pu@u) + Vp(p) + pVé =0  in]0,T[ x R? (3.2)
—Ap=p
where T' > 0 is a finite fixed time horizon and d € N, d > 3. Using the language of Riesz potentials, one

regards the electric potential ¢ as

b= gayler -
System is supplemented with initial data pg, ug, and ¢g = ﬁ]gpo.
3.1. Energy and relative energy. Assume that (p, pu) with ¢ = K x p is a smooth solution of ,
where K(z) = W. Multiplying the momentum equation by u and using the continuity and Poisson
equations yields

i (3plul® + h(p) + 3IV8I%) + V - (3plul*u + ph'(p) + dpu — $VB;:$) =0 .

The previous identity represents the conservation of total energy of the system.
The total energy of the system can be decomposed into kinetic and potential parts. The kinetic energy

functional is the functional K = KC(p, pu) given by

Kppu) = [ holul? da (3.3)

while the potential energy functional is the functional £ = £(p) given by
£) = [ o)+ hol xp) do

= [ Ho)+ 3Vol dr . —Ao= .
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It is important to calculate the functional derivatives of these energy functionals. A straightforward

computation gives

oK 12 oK B
%(pv pu) - 2 ‘ul ) 5(,011) (pv pu) =u, (35)
and from the symmetry of K one also deduces that
o0& ,
%(P) =h'(p)+¢. (3.6)

Thus, system (3.2)) can be recast into a more abstract form:

Op+ V- (pu) =0

5E
O(pu) +V - (pu @ u) +pV%(p) =0,

(3.7)

where £ is given by (3.4)). The last term on the right-hand side of the previous momentum equation can

also be rewritten as

&
op
where S(p) = —p(p)I — 1|V¢|> I + V¢ ® V¢ is a stress tensor.

pPV—=(p) ==V-5(p), (3.8)

Under this abstract setup one replicates the calculations done in [I} [5] to derive the relative energy
identity for this system. Let (p,pu) with ¢ = K % p be another smooth solution of (3.2). The relative

potential energy functional is given by the quadratic part of the Taylor series expansion of £. Precisely,

E(elp) = £~ €)= (5 (01— ) = [ 1(olp) + V(6 - )P do (39

where h(p|p) = h(p) —h(p)—h'(p)(p— p). Similarly, the relative kinetic energy functional is the functional
K(p, pulp, pu) given by

K(p, pulp, pu) = K(p, pu) — K(p, ptt) — (= (p, pi), p — p) —

:/Rd%p|u—ﬂ|2 dzx .

Next one presents the evolution of the relative total energy of the system. For a detailed exposition of

the calculations involved refer to [T}, [5].

d

(Ko, pulp. p1) + Eplp)) = — [ Va:plu—w)® w—m) de— [ plolp)V-ada
dt( ) /]Rd Ad (3.10)
+/Rd(p—ﬁ)ﬂ'v(¢—<5) iz |

3.2. Weak solutions. Before stating the notion of weak solution, one explains how the theory on Riesz
potentials helps in giving meaning to the weak formulation of system , and derives some results
concerning the potential ¢ = ﬁ]gp.

Having in mind the momentum equation of system , a reasonable weak formulation requires that
p(p) and pV¢ belong to L' in space. The density p is assumed to belong to C([0, T[; L' (R?) N LY(R%)),
from which it follows that p(p) = p? € C([0,T[; L*(R%)). Having this regularity on the density p,

2d

using the machinery of Riesz potentials one will observe that for v > =% the term pV¢ belongs to

d+1
C([0,T[; L*(R¢,RY)). First, one needs the following result:
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Proposition 3.1. Let p € C([0,T[; L*(R?) N L7 (R%)) with v > ﬁdz, and let ¢ = ﬁfgp. Then ¢ €

C([0,T7; L%(Rd)) and its weak spatial gradient is given by

(2—d) (x —y)p(t,y)
@) / g W

Vo(t,x) =
Furthermore, V¢ € C([0,T[; L*(R4,R)).
Proof. Set p = dZ—fQ and note that p € C([0,T[; L*(R?)). For each t € [0,T[, using (2.1) one has

6@l 2, = g [H2pOIl 2z < Cd) [lp(®)]ly ,

so ¢(t) € C([0,TT; L% (R%)). The continuity in time of ¢ follows from the linearity of I.

1
Now let v € C°(R?) and set K(z,y) = @ =y One wishes to prove that for every ¢t € [0,T]
and ¢ =1,...,d it holds that
6O, do =~ [ [ Keewpity) dyvdo. (3.11)
R Rd JRd

Fix ¢ € [0, 7] and note that [,, ¢(t)vs, da < oo since ¢(t) € L}, (R?). Fubini’s theorem then yields that

loc
P(t)vg, du =/ K(z,y)va, (z)dz p(t, y) dy .
Rd Rd JRd
Fix y € R? and let ¢ > 0. Denote by B.(y) the open ball of center y and radius e. Splitting the inner
integral and using the fact that K(-,y) is smooth in B¢(y) one obtains

K(z,y)vg, (x) de = K(z,y)v,, (x) dx Jr/ K(x,y)vg, (x) do
Rd B:(y) Beg(y)

- / K (2, 9)vs, (z) da + / K (. y)o(x)i(z) dS(z)
Be(y) 0B (y) (3.12)

- / Kam(xay)v(x) da
Be(y)

= Ie + Js _/ qu(z7y)v(x) dx )
Be ()

where v; is the i-th component of the unit inward normal vector to 9B (y). Next it is shown that
limI, = limJ. = 0 as ¢ — 0 from which (3.11) follows. Using polar coordinates and the fact that
v € C(R?) one has that

L) < / K (2,9) |02, (2)] da
Bs(y)

1
<C T do
B.(y) |z —yl

€ 1
_ c/ / L iS(x)dr
0 JoB,.(y) IT—yl?? (

= Ce?
and
A / K (z,)|lo(z)] dS(z)
aBa(y)
1

9B (y) |z — yld=2
=Ce.

<C dS(z)
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Hence, the weak spatial gradient of ¢ is bounded from above by I7|p]
Vel < 4200,
whence, by Proposition with a = 1 it follows that V¢ € C([O, T[; L*(RY, Rd)). |
Thus, taking o = 1 in Proposition one has that if v > % then

pVé € C([0,T[; L' (R, RY)) .

Regarding the momentum pu, it is assumed to belong to C’([O, T[; L' (R, Rd)), while /pu is assumed to
belong to C([O, T[; LZ(Rd7Rd)). For a triple (p, pu, c(l—d)lgp) with the regularity stated above, one defines
the energy H : [0,T[ — R by

H(t) = /Rd 3P + 1507 (t) + 5V da .
Observe that in these conditions the energy H is a continuous function.

The precise definition of a weak solution for system is now given.
Definition 3.2. The vector function (p, pu) with p > 0 and regularity
peC(0,T[; L' (RY) N L (RY) ,
pue C([0, T L' (R, RY)) ,
Vpu e C([0,T[; LR, R?))

together with ¢ = %d)fgp, is a weak solution of l) provided that:

(i) (p, pu) satisfies (3.2)) in the weak sense

_/OT/W o dxdt—/OT/Rd V- (pu) dadt — [ p(0.0)m(w) do =0, (313)
/OT/Rd@t.(pu) d:pdt/OT/Rdngzpu®udxdt
-/ ' |70 dodt = [ 5(0.0) - mla)uoe) da (3.14)

/OT/Rdsa«pvwdxdt,

for all Lipschitz test functions ¢ : [0,7[ x R = R, @ : [0,7] x R? — R? compactly supported in
time, and with ¢ satisfying, for each ¢t € [0, T'[, the following limiting behaviour at infinity

lim [(t,z)| =0,

|z|—o0
(ii) Mass conservation:
llp(O)|1 =M <oo, Vtel[0,T], (3.15)
(iii) Finitude of energy:
sup H(t) < oo . (3.16)
te[0,T[

Moreover, a weak solution of (3.2)) is called dissipative if its energy # satisfies
T
—/ H(t)0(t)dt < H(0)0(0) (3.17)
0

for any non-negative § € W°°([0, T[) with compact support.
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From a careful choice of the test function 8 above one deduces that the energy H of a dissipative weak
solution of (3.2)) satisfies, for each ¢ € [0, T7,
H(t) < H(0) . (3.18)
Indeed, fix t € [0, T, let k be such that ¢t + k < T, and define 6 : [0,T] — R by

L, ifo<r<t
O(T) =0(r) =T+ 1, ift <7 <t+r (3.19)
0, ift+r<7<T.

Using this choice of 6 in (3.17) yields
1 t+kK
f/ H(r)dr < H(0) .
K Jt
Letting x — 0" above one reaches the desired identity.
3.3. Strong solutions. In this subsection, the notion of strong solution that will be used in the subse-

quent analysis is described.

A Lipschitz vector function (p, pa), with regularity
peL>([0,T[L"(RY) N L>(RY)) ,
ae L= ([0, T W (REL,RY) N Wl’OO(Rd,Rd)) ,
together with ¢ = Igp, is called a strong solution of (3.2]) if:
(i) p>0,

(ii) (p, pu, d) satisfies
hp+V-(pu)=0

_ (3.20)
owu+u-Vu+ VK (p)+Vo=0
for almost every (¢,z) € ]0,7[ x R, and
lim |a(t,z)|=0 Vtel[0,T],
|z]| =00
(iii) for each ¢t € [0, T[ and each x > 0 so that t + k < T the functions
oH
T 92(7)57(7) =0(—slal* +1'(p) +9) ,
oH
7 0L(T)——(7) = 0,
)57 ()
are Lipschitz continuous, where 6 is given by (3.19) and H : [0, T[ — R is the total energy
H(t) = /Rd 3P + h(p(t) + 5IVe(t)|* da .
A strong solution is also assumed to emanate from initial data (po, poto), o = C( ) I>po that satisfy the
bounds
/ﬁodx:M<oo, H(0) < o0 . (3.21)
Rd

Multiplying the second equation of (3.20) by pu and integrating over space yields

d -

—H=0

dt
so H(t) = H(0) for t € [0, T[. Thus, the continuity equation and the previous expression imply that (3.21)
is propagated for all times ¢ € [0, T'[.
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4. WEAK-STRONG UNIQUENESS

For the notions of solutions specified in the previous section, one defines the relative energy function

U:[0,7[— R by

W(t) = H(t) — H(t) —  p(t)ult) — p(t)u(t))

[T (o)
(4.1)
- / splu(t) = a®F +h(pt)|p(1) + 51V (6(t) — 6®)[* do .

Due to the strict convexity of h(p) = ﬁ p7, one obtains the main result, Theoremu as an immediate

consequence of the next theorem.

Theorem 4.1. Let (p, pu) with ¢ = (d) and let

(p, pu) with ¢ = ﬁ[gﬁ be a strong solution of (3 . There exists a positive constant C' such that the

Isp be a dissipative weak solution of (.) with v > d+1’

relative energy W of these solutions satisfies the stability estimate
U(t) < e“TW(0) (4.2)
fort € [0,T[. Therefore, if ¥(0) =0 then ¥ = 0.
The last two subsections of this part are devoted to give a proof of the previous theorem.

4.1. Integration by parts formulas. Here, one presents two integration by parts formulas that will
be essential for handling the terms containing the electric potential ¢.

The first formula can be proved in a similar fashion as [I, Propositon 4.2].

Proposition 4.2. Let p,n € C([0,T[; L'(R) N LY (R%)) with v >
Then, for each t € [0,T7,

[ o) Vet do = [ o0 do= [ ntow do=dy [ ] EEDIED

The second integration by parts formula relies on the following identity that is satisfied by classical

d+2’ and let ¢ = %@1297 Y= ﬁIQU

solutions of —A¢ =p :
pVo =V (5IVo[*) =V - (Vo2 Vo) .
Proposition 4.3. Let p € L'(RY) N LY (RY), with v > d+1, let ¢ = C(d) I>p, and let w be a continuous

vector field defined on R? satisfying | llim |u(z)| = 0 and belonging to WH(RY, RY) N W (R RY).
T|—0o0
Then

/ pV¢-ﬂdm=/ Vi: Vo Ve daz—/ (V-u)1|Ve|* dz . (4.4)
Rd Rd R
Proof. Set p = dle_izv Yo = dT—l and note that p € L'(R%) N L7 (R?). Therefore, by Proposition

there exists a sequence (p,)nen € C°(R?) such that p, — p in L*(RY) N L7 (RY). For each n € N, let

bn = ﬁ[gpm and note that, as a consequence of the divergence theorem [9], (py, ¢,,) satisfies

/ an¢n-ﬁdx:/ Vi : Vo, @ Vo d:c—/ (V-0)3|Vo,|* dx .
Rd R4 Rd
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Next, one wishes to pass to the limit in the above expression. Using ([2.4]) one deduces that

| [ ovorade= [ 050, ada] < lills [ 10— V0l + 19, (00 6] da
< C(Ilto = pu) Laplls + [lpnTr(pn = p)ll1)

< C(llp = pallyollpllo + oallvellon = pllv)
—0asn—o00.

Moreover, using (2.3) together with the interpolation inequality one has that
[ Va:VowTodo [ VaiVe,© Ve, dif < [Vall [ V(6= 6.)][V0] + [V6ulIT(0 - én)ldo
R R R
< C(IH(p = pu)aplls + [|(Tipn) I (pn = p)l11)

< C(llp = pullblloll + llonllpllon = pllp)

—0asn— o0,

and
[ atver a— [ (7 wive.p ] < = [ vep - 90,2 ds
Rd R4 2 Rd
< Ci(p = pu)Ti(p+ pn)ll
< Cllp = pullpllp + pnllp
—0asn—o00.
The result follows. O

4.2. Relative energy inequality. The first step in order to obtain expression (4.2) is to derive a
relative energy inequality satisfied by the relative energy W. The terms involving the electric potential ¢

are handled using the first integration by parts formula of the previous subsection. Precisely, one has:

Proposition 4.4. Let (p, pu), with ¢ = %Izp, be a dissipative weak solution of with v > dQ—fQ, and

let (p, pui), with ¢ = ﬁ[gﬁ, be a strong solution of . Then, for each t € [0, T|, the relative energy

U between these two solutions satisfies
U(t) = ¥(0) < () + T2(t) + Ts(t) , (4.5)
where
t
jl(t)z—/ Vi :p(u—a)Q (u—1u) dedr
0 JRrd
t
7t) == [ [ (V- w)plolp) dadr
0 JRrd
t
7y = [ [ (0-pu-V(o-3) daar .
0 Jrd
Proof. First recall that the energy a dissipative weak solution of (3.2]) satisfies
H(t) < H(0), (4.6)
while the energy of a strong solution of (3.2)) satisfies

(L) = H(0) , (4.7)
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for every t € [0,T]. Next, one considers the difference (p — p, pu — pu) between a weak and a strong

solutions of (3.2)):

T T
—/ Ap(p — p) dadt — / Ve - (pu— pu) dxdt — / elp=p)|,_y dz =0,
0 Jrd 0 JRd R4
T T
—/ O - (pu — pu) da:dt—/ V@ : (pu®u— pu® u) dodt
0 R4 0 Rd
T
[ 5000 o) dedt = [ o (u— )] _, o

- /oT /Rd ¢ (pV¢ — pV¢) dadt

for all Lipschitz test functions ¢ : [0, T[xR? — R, @ : [0, T[xR¢ — R¢ compactly supported in time and
having for each ¢ € [0, T the following limiting behaviour at infinity

lim |p(¢,z)]=0.
|z|—o00
Using as test functions the functions ¢ and ¢ given by
oH . oH
Y = 0— y Y= 0 ;
ap d(pu)
where 0 is given by (3.19)), after letting x — 0T one obtains

R ?,Z( : dw-/t Rdaf(?:l(p—p) d:ch—/Ot v% (pu—pu) dedr =0,  (4.8)
/ (57-_[) (pu — pu) ; dx—/ /Rd “(pu — pu) dzdr
//Rd S (pu®u— pu® ) dedr — //Rd (p(p) — p(p)) dadr (4.9)
_—/ R“;(Z)%/)W—pvé) dzdr .

The desired identity is then obtained by subtracting (4.7)), (4.8) and (4.9) from (4.6)), together with a
meticulous rearrangement of the terms that is done using the continuity equation d;p+ V - (pu) = 0, the
equation Oyt + @ - Vu = —V(h’ (p) + (;S) and the second equality of 1’ For a detailed presentation of

the calculations involved refer to [T} Bl [7]. O
4.3. Bounds in terms of the relative energy. In this section one shows that
t
0 gc/ W(r)dr, i=1,23, (4.10)
0

for some positive constant C' depending only on the dimension d, on the adiabatic exponent v and on the

L*> norm of % and its derivatives, under the same hypothesis of Theorem Then Gronwall’s inequality

will imply (4.2).

The first two terms are treated as follows,

J1(t) :—/ RdVﬂ:p(u—ﬂ)@(u—ﬂ) dxdr

t
<c ||Va||oo/ / plu— af? dedr
0 Rd
t
< C/ U(r) dr
0
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== [ [ (v -awleip) dodr

)_
R
t
< ||v~a|\oo<v—1>/ / h(p|p) dudr
0 Rd
t
SC/ U(r) dr
0

whereas for the third term one uses the integration by parts formula (4.4)) to deduce that
t —
= [ [ o= -3) dear
R
/ / Vi : V(g — )@ V(o — ¢) dxdT—/ / )5IV(p— @) dedr
Rd
<O Vil + 1) [ [ V60— &) der

SC’/Ot\I’(T)dT

as desired.

APPENDIX

Here it is proved that C°(R9)) is dense in L'(R%) N L7 (R9). This result is used in the proof of
Proposition [£.3]

Proposition A.1. Let f € L'(R?) N LY(RY) with v > 1. Given € > 0 there exists ¢ € C>°(RY) such that
=l +1If —elly <e.

Proof. Let f € L*(R%) N LY(R%) and ¢ > 0. Any measurable function can be written as the difference

between two non-negative measurable functions, so one can assume that f > 0. Set
S = {s : R" — R measurable simple function | L({z € R? | s(z) # 0}) < oo} .

Given that f is measurable, there exists a sequence of measurable simple functions (s, )ren such that 0 <
51 <83 <...< fands,(x) = f(z) Vo € RZ Since f € LY(RY)NLY(RY), then (s,)neny € LY (R)NLY(RY)
whence (sp)neny € S. Let by, = |f — su| + |f — sn|” and observe that |h,| < 2|f| +27|f|7 € L*(R%),

h,(z) — 0 Vz € R Consequently, by Lebesgue’s dominated convergence theorem,
||f—sn\|1+||f—sn\|g=/ I dz — 0 .
Rd
Hence, there exists s € S such that

S
I = sl +[1f = slly < 7 -
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Let £ > 0 be such that 2||s||o (€ + £Y/7) < £/4 . By Lusin’s theorem there exists g € C.(R%) such that
L{z eR? | g(x) # s(2)}) < € and |g| < [|s|| - Thus,

/v
lo = sl -+llg = slly = [ o=l de+ ([ g s do)
R4 R4
1/~
z/ |g—s|dm+(/ |g—5|7dm)
{g#s} {g9#s}

< 28|10 + 28" |5ll6
9

<7
47

SO
= glle + 11 = glly <IIf = sl +1ls = glly + 1 = sl + [Is — glly

<e/d+e/d
€

5 .
Now let n be the standard mollifier and set gs = ns * g, for 0 < § < 1 . Since g is continuous, gs — ¢

uniformly on all compact subsets of R?, as § — 0. Moreover, g has compact support so there exists 7 > 0

such that supp(g) € B,(0), hence

supp(gs) C supp(g) + B5(0) € B.(0) + Bs(0) € B;45(0) € By41(0) = K .
Observe that

1/~
||96_9H1+||96_9H'y:/ lgs — 9| dx+(/ lgs — g|” déﬂ)

/v
/Igafgldm+ /Iga gl”dz

<sup|95*g|( (K) + L(E)'/7) .

Given that sup |gs — g| — 0 as § — 0, there exists 0 < § < 1 such that
K

sup|gs — g] < c whenever § < 0
VIS S (K + LK) ) '

Let 0y = 0/2 and set ¢ == g5, € C°(R?). Finally, one gets
f =l +1If =lly <UUF = glls +lg = el +1If = glly +1lg = #lly

<e/2+¢/2

:5’

as desired. 0
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